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Abstract

We give a short summary of the main algebraic results of [4] on Z,[[I']]-modules
(with I’ an abelian pro-p-group and ¢ # p two different primes) and use them to
provide an algebraic interpretation of known results on ¢-parts of Iwasawa modules
(such as class groups and duals of Selmer groups) in Z,-extensions, which were
previously obtained via £-adic interpolation and/or special values of L-functions.
This algebraic approach leads to natural questions which could be the starting point
for future research.

1 Introduction

Let F be anumber field, fix a prime p and let ¥/ F be a Z,-extension with associated p-
Iwasawa algebra Z,[[Z,]], which is (non-canonically) isomorphic to the ring of power
series Z,[[T]]. Several relevant arithmetic objects can be interpreted as Z,[[Z,]]-
modules: as an example we can consider p-parts of class groups in a Z,-extension. Let
Ct,(Fy) be the p-parts of the class groups of the layers F, of #/F and consider their
inverse limit with respect to norm maps Cf,(¥) = mC[P (Fyn). Then, Cf,(F) is a
finitely generated torsion module over Z,[[Z,]] ~ Z,[[T]] and, using the structure
theorem for such modules, Iwasawa proved the formula

0, (|Gl (F)|) = pp™ + An+ v foralln>> 0

(where v, is the usual p-adic valuation).

For another prime ¢ # p, the f-parts of class groups in Z,-extensions give rise
to the Z,;[[Z,]]-module Cf,(¥), which has received much less attention partially
because of the absence of a nice structure theory for such modules. As a relevant
example we mention the fact that (under very mild hypotheses) Ct,(F,) = Ct,(Fp41)
yields Ct,(F,) = Ct,(Fy,) for all m > n (see, e.g., [9, Corollaries 2.2 and 2.3]). Many
algorithms used to compute Iwasawa invariants, such as the one presented in [9]], exploit
this property, which is peculiar of Z,[[Z,]]-modules and does not hold in general for
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Z,[[Z,]]-modules, whose behaviour at different layers seem to be completely unrelated;
however, see Sectionand its final Questions.

We mention a few known results for certain Z,[[Z,,]]-modules which are significant
for the present work:

(i) the existence of (non-cyclotomic) Z,-extensions with unbounded ¢-part of class
groups [120, Section VIJ;

(ii) the finiteness of Cf(Fcyc), the £-class groups of the Z,,-cyclotomic extension of
an abelian number field F [21] Theorem];

(iii) generalizations of the previous finiteness result to the anticyclotomic Z,-
extension of certain imaginary quadratic fields [111[10] (based on Sinnott’s ideas
in [15[16] and including some analogous results for Selmer groups as well);

(iv) the growth of type pp™ + v for ranks of Selmer groups and for the orders of
Tate-Shafarevich groups [12} [18,7].

These results rely mainly on analytic tools, including class number formulas, special
values of complex and p-adic L-functions, p-adic interpolation, and so on. In [4] we
proved structure theorems for Z,[[I']] for any abelian pro-p-group I' and for a large
class of Z,[[I']]-modules which includes class groups and Selmer groups. Here we give
a short account of the structure theorems which provide an algebraic approach to some
of the results mentioned above.

Outline. In Section 2] we summarize the structure theorems for Z,[[T]] and for
certain Z,[[I']]-modules (the I,-complete modules defined in Section[2.2). In Section
we recall the notion of normic systems which gives an alternative description of arith-
metically relevant Z,[[T']]-modules (Theorem 3.5).

In Sectionsand we focus on the case of T' = Zg in which some of the technical
complications of [4]] do not appear and formulas become easier to handle (as mentioned
in Remark [5.3). In particular, for d = 1, we describe the strategies leading to the
results of [20, [10] mentioned in (i) and (iii) above. Some kind of connection between
the finiteness of Cf;(F) and the absence of totally split primes in ¥ /F (there are no
such primes in cyclotomic or anticyclotomic Z,-extensions, see, e.g., [5, Theorem 2])
seem to emerge from these results. Hence, in Section using only Theoremand
basic arithmetic, we show some consequences of the splitting of a prime representing a
nontrivial element in Cf,(F,). Even if there is not enough evidence yet, those could be
a starting point for a deeper investigation.

In the final section, we define Sinnott modules and provide formulas for their ranks
and orders arising from the general structure theorem for locally finitely generated
Z,[[T']]-modules (Theorem 5.4). Then, we focus on the particular case of Sinnott stable
modules (where stability can refer to ranks or orders of Sinnott modules, see Defi-
nitions [5.2] and [5.5) and use our structure theorems to provide a characterization of
modules with a regular growth.



Poly. J. Math. 4 (9) 3

Theorem 1.1. LetT = Z, and let M be a Sinnott Z,[[T']]-module. Then, M is rankyz, -
stable if and only if there exist i, v € Q with yt > 0 such that

rankz, M, = pp" +v foralln > 0. (1)

Analogous statements hold for rank, M,, := dimg, M,,/¢M,, and v, stabilization, when well

defined.

There are several examples of modules with a growth as in (1), see Section|[5.3] and
one might wonder whether all arithmetically significant Z,[[T']]-modules are, in some
sense, stable.

Acknowledgements. The authors would like to thank the anonymous referees for
their prompt reports and for their remarks which improved the presentation and cor-
rected some inaccuracies. The first author recalls:

I started my PhD in Pisa in 1996, studying a bunch of papers (published
in the 80’s and early 90’s) on Iwasawa invariants for real quadratic fields,
only to find out that they were basically wiped out by the Kraft-Schoof
paper [9]. René was kind enough to pick up that wrecked PhD student and
patiently mentor him for many of the years that followed. There is no way
to thank him enough for that.

In one of the rare moments when René was not criticizing my “wild ap-
proach to mathematical research” and/or my “sloppiness/laziness”, he stated
that “proving something which is actually true is easy... the hard part is
not proving something which is actually false but you strongly desire to be
true”.

Almost 30 years later I still strongly disagree with the first part of that
sentence.

2 Structure theorems
For any abelian pro-p-group A, we let A denote its Pontryagin dual
AV = Homgons (A, I—lpm),

where p1,. is the set of all roots of unity in Q of p-power order (here Q is given the

discrete topology). Fix another prime ¢ and an embedding Q < Q,, so that we can
consider maps in A" as taking values in Q, and get an action of Gg, = Gal(Q,/Q;)
on AY by (0 - w)(a) = o(w(a)). Continuity implies that the kernel of each w is an open
set, hence w factors through a finite quotient of A and, in particular, it has finite image.
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2.1 Structure theorem 1: Iwasawa algebra

Let T be an abelian pro-p-group; in what follows, we shall always assume

T'=1limI,, withne€N.
—
n
There is no major difficulty in extending our structural results to more general indexing
sets, but that would come at the cost of (slightly) more complicated notations and more
involved statements with no further insight. Moreover, the index set N is good enough
for all our main examples in which I" = Zg. We set

Ap = Ze[Tn] and  A:=Z,[[T]] =limZ, [T,] = lim A,

and call A the ¢-adic Iwasawa algebra (or simply the I'wasawa algebra) of T. Each A, is a
free Z,-module of finite rank and this induces a topological ring structure on A.

For any m > n, the projections n} : I;;, » I}, and 7, : I' - T, (defining or arising
from the inverse limit) induce natural inclusions T} < T¥ and T,/ < T'V, which allow
us to think of TV as |J, I,/. We shall use 7" and r,, to denote the maps induced on
the respective group algebras (we use the same notations for all maps, in particular
characters, defined on I or on [},).

Let R := T'V/Gg, and R, = I}/ /Gg, be the set of orbits under the action of G,
on IT'V and T, respectively. We denote by [w] the orbit of the character w, i.e., all
characters y of the form o - w for some o € Gg,. Note that, since images of characters
are finite Galois invariant subsets of y s all characters in the same orbit have the same
image.

Theorem 2.1 ([4] Theorem 2.2]). We have

A= l_l Aol (2)

where A|,) is a ring (non-canonically) isomorphic to Z,[w(T)].

Proof sketch. Let Z; be the integral closure of Z, into @[, then Z,[T},] = Z,[T,] %
(with the natural action of Gg, on coefficients).
Forallw e TY =, T}/, we set

1 _
— Z oy DYy ez,1,] ifoel),
€o,n = Tl
s YeDn
0 otherwise.

Direct computation shows the isotypic decomposition

Zt’ [Fn] = @ ew,nzt’ [Fn]

wely
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and 77" (en,m) = eu.n for all m > n. Setting
elwln = Z exn € Z¢[Tn],
xelo]

we find Galois invariant elements
elo] = (€[o]n), € Im Z[T,] = A.

As [w] varies in R, the e[, provide a full set of orthogonal idempotents with sum 1
in A. The decomposition (2) immediately follows by putting A[,] = e[, A.
For the final isomorphism, just note that w induces a surjective homomorphism

w: Aw] — Ze[w(T)], ®3)

between finitely generated free Z,-modules. One concludes checking the equality of
ranks, observing that

rankz, Z¢[w(T)] = [Q¢(w(T)) : Q¢] =|Gg,/Stab(Gg,, ®)| = |[w]], 4)

because Gal (@(/Qg(w(l“))) is the stabilizer of w in Gg,. O

Remark 2.2. Since characters are continuous, the isomorphism (2) is a homeomorphism.

Remark 2.3. We also have canonical isomorphisms

[] At = ZIn] =A,
[w]eR,
induced by the projections r, for every n.

Remark 2.4. By [[4] Corollary 2.5], finitely generated ideals in A are principal (which is
relevant for the definition of characteristic ideals). The finitely generated prime ideals
of A are of type

(O[Q,]) & (l - e[w])A or mp, @ (1 - E[Q,])A,

where m(,,] is the maximal ideal of the discrete valuation ring A[,,].
The ring A[,] can be seen as the localization of A at m[,] ® (1 — e[,])A. Hence, A
is the direct product of its localizations at finitely generated maximal ideals.

2.2 Structure theorem 2: A-modules

We quickly describe a class of A-modules whose structure reflects the one of our
Iwasawa algebra.
Recall the canonical projections 7,,: T' - Ty;; let G, := Ker(n,), so that [,, ~ T'/G,,.

Definition 2.5. Foreveryn, letI, = (y —1:y € G,) C A be the augmentation ideal
associated with G,,.
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By definition, A/I,A = Z,[T},] =: A, and
ALA=Ay= B eonZellul = P A,
[w]eR, [w]eR,
Therefore, for all n, we have
I, = ﬂ (1- e[w])A ~ 1—[ Afw]
[0]eR, [0]€eR-R,

and I2 = I, in particular, they are not topologically nilpotent.
For all n > 0, set

en = Z e[w] and e[y = Z €[w] = €n — en—1 (5)
[@]eR, [w]eRp=Rp1

where we put R_; =@ ande_; = 0.
Let M be a A-module. Since I,e,M = 0, the module e, M is both a A-module and
a A,-module.

Definition 2.6. For any A-module M and for any n, we define the n-quotient (respectively,
the [n]-component of M) as

enM =~ M/I,M =~ M ®\ A, (respectively, M, = e[n,]M).

By construction, for all m > n, we have natural projections M/I,,M —-» M/I,M
which define an inverse limit, and isomorphisms

n
M/I,M =~ e,M = EB Mgy (6)

i=0
Definition 2.7. A A-module M is said to be I,-complete if the natural projection map
Ty M — £1LnM /I,M
is bijective.
It is not hard to see that a A-module M is I,-complete if and only if it is the direct
product of a collection of Aj,j-modules {M[,]}[»]ex (With the natural projections), i.e.,

M:lilnéMm = l_[M[n] = l_[ Mo,
0

n = nz0 [w]eR
where M, is naturally isomorphic to e[| M.

Definition 2.8. Let M be an I,-complete A-module. We say that M is locally finitely
generated if each M|, is a finitely generated A, |-module. We say that a locally finitely
generated I,-complete A-module M is locally torsion if each M[,,] is a finitely generated
torsion A[,)-module.

For a deeper investigation of structural properties and applications of I,-complete
modules in an Iwasawa theoretic context for non-standard Iwasawa algebras, see [6]
Section 2].
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3 Normic systems

The following definition of normic system, which generalizes the original one in [19],
was introduced in [[4] Section 5].

Definition 3.1. We say that a family {Mp, al}, b} msnen of A-modules and maps is an
(¢, p)-normic system if

(i) M, = 0 for alln € N, that is, M,, is a A-module with a A,,-module structure
induced by the canonical projection 7m,: A — Ay;

(ii) { My, al,} msnen is a direct system of A-modules;
(iii) { My, b)Y m>nenN is an inverse system of A-modules;
(iv) foralln € N, the composition b!*! o a? | is multiplication by [Gy : Gp41].

By definition, for any y € A and x,, € M, the A-module structure reads as

aZ+1(”n(Y)xn) = aZ+l (y xn)=y- aZ+1 (xn) = ”n+1(Y)aZ+1(xn)'

Lemma 3.2. Let {My,a] ., b"*1}, N be a normic system of A-modules. Then, there is an

isomorphism of A-modules
My, =Im(a”,,) @ Ker(b*!)  foreveryn > 0. (7)
Moreover, a},_, is injective and Ker(b*1) ~ Myi1/a),, (My), so that
Mys1 = My, ® Mpy1 /M, foreveryn > 0.

Proof. Since ¢ # p, the number [G,, : G,41] is invertible in A. Therefore, Condition (iv)
implies a”, , (My,) N Ker(b2*!) = 0 and

an,, (b (x))) _

bn+1 x —
" [Gn : Gn+1]

for every x € My41.
This also shows that the maps a”, | are injective, the maps b}*! are surjective, and
there is a split exact sequence

n
A4

0— My —> My — Mn+1/ag+1(Mn) —0

(a retraction of a”,, being given by [G, : Gp41] 7'b2*!). The last isomorphism follows

identifying M,, with the image of a,_,. O

Remark 3.3. The same reasoning on the exact sequence

n+1
0— Ker(bzﬂ) — My - M, — 0,
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which splits because of the section of b?*! given by [G,, : G,41] 7! provides the

decomposition

n+1’

Mpyq = Ker(b"™!) @ Im(b"*),

and the isomorphisms
Im(a”,,) = Im(b?™") and Ker(bl*") = My /Im(a”, ;) = Mys1/M,.

Definition 3.4. We say that a A-module M is normic if there exists a normic system of
A-modules {M,, a 11 e such that

’ n+1’ n

M= lim M,
(—

n
n’bnfl

where we extend the normic system with M_; = 0 and trivial maps agl and b(ll in order to
get Ker(b°,) = M. The same convention is used in Theorem and Equation .

The following summarizes [4] Theorems 5.5 and 5.6]; here we are mainly interested
in the characterization of Ker(b"*!).

Theorem 3.5. A A-module M is normic ifand only if it is I,-complete. Moreover, if M is
associated with the normic system {My,al; , n+ }nes then there is an isomorphism of
A-modules

M= [ | Rer(b:_,) ()
nelN
such that
My = ejnM = Ker(b,_,) foralln € N. 9)

4 {-class groups

Let F be a global field (i.e., a number field or the function field of a smooth projective
connected curve over a finite field), and let 7 /F be a pro-p-extension with

Gal(F/F) =T =limT, = imT/G,.

n n

We set F,, = F6n as the fixed field of G, so that
= U F, with Gal(F,/F) ~T/G,. (10)
n
The setting is summarized by the diagram of Figure

By class group of F we shall mean:

« if char F = 0, the group of classes of nonzero fractional ideals, i.e., the classical
class group of the ring of integers of F;
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Gpn
[,~T/G, m
F=F d F, LN L >
S A —
W

T

Figure 1: Setting of Section [4]

« if char F > 0, either of the following:

— the group of divisor classes of degree 0;

— the set of divisor classes for the ring of S-integers in F, where S is a nonempty
fixed finite set of places.

In the last case, we shall fix S for F and the class group C¢(F,) of F, will be the
class group of S, -integers (with S, the set of places of F,, above places in S). We
recall that the most interesting case in function field arithmetic is obtained with
S consisting of a single place (usually called the place at infinity).

Let X(F,) =t X, be the ¢-part of the class group of F, which has a natural Z,[T},]-

module structure.

Let N1 FY,— Ffandil  :F, — Fyy be the natural norm and inclusion,

respectively. We use the same notation for all maps induced by them on class groups,
rings of integers, and so on. Those maps between class groups are A-homomorphisms
and, for all x € X,,, we have

(N&*t o i) (x) = [Fass : Fal -x = [Gn : Gun] - x.

Therefore {X, iy, ;, N,g’“}nE]N defines a normic system and we set

X :=X(F) =1limX,
—

n

with respect to norm maps. We refer to X as the ¢-class group of F.
One has:

« X is a normic A-module [4] Section 6.1], hence I,-complete by Hleorem

« foreveryn € N,
n n
X/InX = Xy = D Ker(N2)) = ) Xim) (11)
m=0 m=0

and, in particular, Ker(N”_,) ~ X|,,| (again by Theorem ;
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« if T is topologically finitely generated, then X is a locally torsion module and we
have formulas for the growth of rankz, X, rank, X, and |X,| (we shall discuss
them together with Sinnott modules, see Theorem . Moreover,

lim rankz, X,, lim rank,X,, and lim |X,|

n—+oo n—+oco n—-+oo

all exist in Z,, which generalizes a theorem of Sinnott presented in [8]], see [4,
Theorems 4.7, 4.10 and 4.11].

Remark 4.1. In the class group setting, the proof of Lemma 3.2] can be interpreted via
the commutative diagram:

Ker(N/*1)

n
L)

Xn( Xn+1 Xn+1/iz+1(Xn)

‘ anH
n

Xn [Gn:Gra1] Xn

In particular, for any @ € Xp,11, let N**!(a) =  and take § € X, such that §[GnGnul =
B, then i,’:+l(5)’la € Ker(N,’f“). This is the classical approach of, for example, [22]
Lemma 16.15] and provides another proof of the direct sum decomposition

Xn+1 = i2+1 (Xn) @ Ker(NrrzHl):

hence of all the isomorphisms of Lemma [3.2|and formulas (9) and (11).

4.1 The caseT = z,

We want to hint at some relation between totally split primes and infinite £-class
groups, suggesting a possible strategy to link these two phenomena which could be an
interesting topic for future research.

Hence, in this section weletI' ~ Z,, and G, = I'?", and fix a topological generator
of T (it is not hard to see that all our results are independent of this choice). As above we
let R (respectively, R,) be a set of representatives for the action of Gg, on the Pontryagin
dual of T (respectively, I},).

Recall that the stabilizer of w in Gy, is Gal (@e / Q[(w(l“))), so that

|[@]] = Gg,/Gal (Q/Q¢(w(1)))| = [Qe((T)) : Q]

In particular, if w(T') € Q, then Gy, acts trivially on w and [w] = {w}.
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Moreover, since Im(w) is completely determined by w(yy), one has
|r1v_r0v| n |r2v _rlvl P |F,;/ _Fr:/—ll
[Qe(py) = Qel  [Qe(pye) = Qe [Qe(ppn) = Qel

D el SO i

[Q:(): Ol * TQe(y0) Q1] [Qc(y) O]
e(p")

£ [Qr(pyi) s Qe]

Let f, = [Q[([—lpn) : Q;] and assume p is od(ﬂ then f;, is the order of ¢ in (Z/p"Z)*,

ie.,

|Ra| = ITy"] + (12)

=1+

n

fi if1<n<0p([f1_1)’
" 13
fr {flpn—vp(t’fl_l) ifn> Z)p([fl —1). (13)
Therefore, |Ro| = 1 and, for all n > 0, we have
|R —CR|—(p(p—n+l)_ pf;lpn ifn<z)p([f1_1)’
n+1 n [Qf(”pnﬂ) : Q(] Pf;ll .pvp(ffl—l)—l ifn> UP([f] B 1)

Lemma 4.2. Let w € TV be such that o(T) = H,n. The map sending w to n induces a
bijection between R and N if and only if € is a generator of (Z/p"Z)* foralln > 1, ie., if
and only if

¢ is a generator of (Z/pZ)* and vp(fp_l -1 =1

In particular, this never happens when p = 2.

Proof. The map is obviously surjective. Moreover, the map is injective if and only if
|Rp = Ry—1| = 1foralln > 1, e, if and only if |R,| = n + 1 for all n > 0. By (12), this is
possible if and only if [Q[(ppn) :Qr] = @(p") for all n > 0, and the degree is the order
of tin (Z/p"Z)*. m|

In a Z,-extension we can characterize the non-triviality of X[, in terms of the
behaviour of certain prime ideals, see [4] Section 6.1.1].

Proposition 4.3. Let F be a global field, S a finite set of places of F containing the
Archimedean ones, and let 7 | F be a Z,-extension. Let X;, be the £-part of the class group
of the ring of Sp-integers Or, C F,,. The module X|,,1] is non-trivial if and only if there
exists a prime ideal p, C Of such that:

(i) pn is totally split in Fp4q [ F;
(ii) for all0 < m < n, all primes of Or,, lying above p,, are principal;

(iii) the primes of OF,

.1 Lying over p,, are not principal, and their classes have order a
power of £.

1For simplicity, we only write down formulas for p # 2 in this paper. Those for p = 2 are similar and only
need the usual small change due to having to consider congruences modulo 4, see [4] Section 4.2].
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Proof. By @), we have X|,41] = Ker(N"*1). Therefore, X[n+1] is non-trivial if and only
if there exists a non-principal ideal I with principal norm and whose class [I] has order
a power of £. Note that if p is a prime of OF, which does not split in F,+; and p’ is the
unique prime above it, then

plfnifnlQp = (p/)Freifal if p s inert,
pOF,,, = (p’)Freiifnl if p is ramified.

n+l

Ny (0)OF,, = {

If no prime in the support of N*1(I) splits, we have N*1(I)Op,,, = I1F»+1:Fx] and the
triviality of the norm of [I] would imply the triviality of [I] because £ # p = [F,41 : Fy].
Therefore, at least one place in the support of N/*1(I) splits in F,;. Alternatively, one
can observe that the absence of split primes in the support of N/**!(I) would yield

[I] c XGal(Fn+1/Fn)

n+l1 >
a contradiction to the assumption [I] € X[,.1] — {0}. Now, note that:

+ by the Chebotarev density theorem, there exists a prime ¢n+1 C OF,,, such that
1] = [qn+1];

« if N™1(qu41) is principal, then so is N**1(q,4;) for all m < n;

+ in a Z,-extension, if a prime splits between level n and n + 1, it must be totally
split at all levels up to n + 1.

Thus p,, := NJ'*'(qn+1) has the required properties. O

Remark 4.4. In the setting of Proposition [4.3] the module X is infinite if and only if
there exist infinitely many principal primes p, with the properties listed above. This
should be compared with [20, Theorem 6] where the author builds a (non-cyclotomic)
Z,-extension with infinite X using the presence of totally split primes (see Section .

On the other hand, finiteness results for X have only been proved for cyclotomic and
anticyclotomic Z,-extension (see [21} Theorem], [11} Theorem 1.3], and [10} Theorem A]
as well as Section[4.2) where no prime is totally split. Hence, there seems to be a relation
between the finiteness of X and the absence of totally split primes. We shall try to
provide some insight on this in Section [4.4]
Remark 4.5. We can also consider X[,,1] as the A-submodule of X;,; on which I acts
via Rps1 — Ry, Le., via some character with image p 1. With this interpretation one
retrieves the isomorphism Ker(N/*!) ~ X [n+1] in the following way.

Obviously, N,’l‘“ defines an isomorphism between i’  (X,) and X,, hence
|Ker(NJ*)| = |Xn+1/Xal = 1X[ns1)l- Moreover, if @ € X[y € X{ns1], then
=3 velw] @y Withay =€ ni1a € Z ® X[n+1], and, for all y € [w]

p-1 p-1 p-1
Nt a) = D xR ey = Y Eay = Y G =0,
=0 =0 Jj=0
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where ;. denotes a generator of p .. Hence X[,41) C Ker(N*1) and the equality
between cardinalities yields X[,.1] = Ker(N/**1). Compared with Remark this proof
reflects more closely the module theoretic approach we pursue here.

Remark 4.6. For completeness, we also mention the cohomological interpretation of the

modules above. Let I+ := Gal(F,4,/F,) ~ I?"/T?"" = (yopn)/(ng}, then X;,+; is a
cohomologically trivial I[”*!-module (because ¢ # p). Therefore, one has

n+1

1
n+1 /(i;11+1 © Nr'11+l)(Xn+1) =0, and
H' (T}, Xpe1) = Ker(N*) /(v = 1) X1 =0,

—_ I‘n+
HY (TP, Xpa1) = X,

i.e., we have natural isomorphisms/equalities

(Y(I)) - D)Xp41 = Ker(N:H) = X[n+1]s

x5

n+1

1
= Nrrzl+l(Xn+1) =X,

rn+1 n
Xm0 = Xy = Xne1 /X(ne1) = X1/ (v) = DXns1 = Kng)pno.

4.2 T = Z,: finiteness of class groups in anticyclotomic exten-
sions

We sketch the main steps of the proof of the finiteness of X for certain anticyclotomic
extensions of number fields. We follow [10]ﬂ but the strategy dates back to Sinnott’s
proof of the finiteness of X for cyclotomic extensions in [[16] and heavily relies on the
nontriviality of special values of certain L-functions, i.e., it does not involve at all the
algebraic structure described in the previous sections.

Assume ¢, p > 5. Let K be a quadratic imaginary field with ring of integers Ok and
class number 1 in which both ¢ and p split. Let [ be a prime of Ok dividing ¢ and take
an auxiliary elliptic curve E;x with CM by Ok and associated Hecke character  of
conductor f. The conductor f is required to be divisible only by split primes of K (i.e.,
primes lying over places of Q splitting in K) and to verify that [R(f) : K] is divisible
only by 2, 3 and ramified primes of K, where R(f) denotes the ray class field of K of
conductor f. In particular, [R(f) : K] is prime with £. One such curve exists for each K
as above and is described in [10} Section 2].

Let b be an ideal of Ok only divisible by split primes of K, consider the ray class
field F := R(bp) and its anticyclotomic Z,-extension ¥ = R(hp™)* with layers
F, = R(hp"*1)%. Adding the [-torsion of E one obtains:

F(E[)/F(E[N]) := F(/Fy, a Z,-extension, and
F(E[I™])/F(E[l]) := F~/F, a Z,-extension.

Note that [ is ramified in the last one, so its inertia is isomorphic to Z,. We put Fi~ =
Fr(E[I*]) and summarize the notation in Figure

“Note that in [10] the authors work with p-parts in Z4-extensions.
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Z,

7 Fie
/ |
F Fot ————— Foie | %
— |
z,| F, F—2 R
F/
K

Figure 2: Setting of Section [4.2]

The first crucial ingredient is a theorem of Lamplugh [11} Theorem 7.7] (or [10]
Theorem 4.2]) which, for almost all characters y of Gal(F,,(/K) and a prime [, of F,,
above |, relates the triviality of the I,,-adic valuation of a product

alg
Q(X) ' LICm(f,h)p"“ (X) (14)

to the equality between the isotypic y-components of &(F,, ) and U (Fy, ), respec-
tively (the inverse limit over all finite subextensions of F,, j» of) the completion of elliptic
units and the principal local units at [.
Without entering too much in the details of the factors in , we mention that:
alg

lem(f,h)pm+!
(split) primes dividing § or h and at those dividing p (ramified).

() is the special value at y of an algebraic L-function modified at the

2. A theorem of Hida [10, Theorem 3.2] shows the triviality of v, (Llaclngl(f b)pn+ ()

for almost all y.

3. Q(y) involves (other than y itself) the norm and Artin symbol of some element

A =1 (mod 6lem(f, h)p™*?).
4. In [10| Theorem 4.3], the authors prove the triviality of v, (Q(y)) for almost all y.

Let Oy . be the global units of F,, |~ and denote by 5&[& the closure of the intersection
Oy W N U(Fy 1) in U(Fp 1~). Let M(F, =) denote the maximal abelian extension of

F, 1~ unramified outside I, and let C¢(F, ~) denote the class group of F, i~ (i.e., the
inverse limit of the class groups of the finite subextensions of Fj, |~).
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The main consequence of 2 and 4 is the equality between the isotypic components
of elliptic units and local units for all n > 0 at all characters of the inertia I of I. Using
this and the four term exact sequence [10, Equation (1)]

0% b, [8(Fa) = U(Fy ) [E(Fr) = Gal(M(Fy ) [Fr) » CE(F ),
one obtains a surjective map
Gal(M(Fn’[m)/Fn’[m)I - C{’(Fn’[oo)l for all n > 0.

This obviously remains surjective when restricted to £-parts. Note that the ¢-part of
Ct(Fp =) is exactly X (Fp (~).

Here, Rubin’s main conjecture for quadratic imaginary fields (in particular [14
Theorem 4.1(i)]) provides the second main ingredient, proving that Gal(M (Fy, =) /Fp =)"
and Gal(M(Fy11.1%)/Fn1,=)! are pseudo-isomorphic for n > 0. Since those Galois
groups (seen as Iwasawa modules) have no finite submodules, they are actually equal.
From this one deduces X (Fy, =) = X(F,+1,1~)! and, via norm maps (which are surjective
because F, (~ /F, is totally ramified at [,,) the stabilization of X (F,) for n large enough.

We remark that, if X (F,,) = X (Fg) for alln > 7, then the algebraic structure described
before shows that there is the possibility of having |X(Fy,)| = |X(Fn+1)| # | X (F)| for
some m < n — 1. (In the case £ = p, this would almost always lead to stabilization at m
itself.)

The finiteness of the class group is obviously equivalent to the triviality of X[, for
almost all [w] € R in our algebraic interpretation.

4.3 T =Z,: totally split primes and infinite class groups, Wash-
ington’s construction

We briefly recall the main steps of the construction in the proof of [20, Theorem 6],
which provides examples of infinite £-class group. Let K/K be a Z,-extension of a
number field K and assume ¢ primes py, . .., p; of Ok split completely in K. Let K, be
the n' layer of K/K, fix a primitive £ root of unity ¢, and an element a € K such that
op, (@) =1 for all i. Now, note that:

1. The primes above p; in K({;) (respectively, K({;, ¥/a)) are totally split in the
Z.,-extension K({;) /K ({,) (respectively, K(Lp, va) /K (e, o).

2. For all n, the primes above p; in K,,({;) are totally ramified in K,,({, Va).

3. By Dirichlet’s unit theorem, for all n, one has

rank, O;én(gt,)/(ofén(g[))f < [Kn(&) - Q] < p"[K(&) : Q]

4. Since K, (, V)™ contains Oy (¢,)> one has

K (o 4)
N5 ¥ (Ka(e V@) ) 2 (OF )"
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By 1 and 2, there are at least tp” primes in K,(;) which ramify in K, (¢, ¥a). By 3
and 4,
. Kn (8o, 4e) . ¢
[0k, * Okatzr "Ny Enlle V@) < 10K, 1)+ (O )]
< PR IKE)QT

By [20l Lemma 7], originally [23| Lemma 4],

|CE(Kn (L)) - £1P"

. Kn(GeA@)
010 1) Ok "Ny Kl @)*)]

divides  |Ct(Kn (L, V)|

Therefore, whenever t > [K({;) : Q], we find that
pP" (- IKCOQD-1 divides |CE(Kp (L Va))| foralln > 0

and the order of the ¢-part of the class group of K({;, ¥/a) is infinite.

Actually [20| Lemma 9] shows that there exist Z,-extensions of quadratic imaginary
fields with infinitely many totally split primes, hence ¢ can be any positive integer and
the order of the ¢-part can grow arbitrarily fast.

4.4 T =7Z,: going up with split primes when X[,,1] £ 0

In this section we try to emphasize the role of split primes in our setting without
changing the base field.

In the case ¢ = p for the cyclotomic Z,-extension of a real quadratic number field,
the computations in [9] Sections 3 and 4] provide upper and lower bounds for a group
(denoted C, there) described via certain split primes, see [9] page 144 line 2]. When
those groups stabilize, that is, |C,| = |Cp+1]|, the corresponding part of the class group
stabilizes as well. The structure of Z,[[Z,]]-modules shows that class groups cannot
grow anymore [9, Corollary 2.3], hence the finiteness of their inverse limit. The paper [9]
presents one of the few results on finiteness relying on algebraic structures (and not
on analytic tools). We pursue a similar path here, but, unfortunately, our algebraic
structure does not have such strong stabilization property.

Keeping the notations of Propositionwe denote by q,+1 a prime representing
a non-trivial class in X[,41] of order ¢! (with a,+; € IN,). Let q,4, be a prime
of OF,,, over (,+1, then, since X4 is an £-group, N::lz(qn.;_g) is not principal, i.e.,

n+2

[gn+2] ¢ Ker(N"?). We are interested in cases in which X[,+2] # 0. .

Obviously, if q,+2 is the unique prime above (1, then [q,+2] € 1::; (Xn+1) = X;’jr*z1
(the complement of X[p,,2] in Xp12). Thus, we assume that q,,4; splits in Fy,,», in particular,
the prime of Op below ¢,41 splits completely in Fp13. Let 4n410F,,, = qn+2,0 - Qnezp-1-
To ease notations we denote q,+20 simply by ,+2; we shall see that our results are

independent of this initial choice. Reordering the indices, if necessary, we assume

i n+1 .
Yop (qn+2) = qn+2,i for all i.
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n+ n+2
Recall that (y2"" ) /(2""y = T2,
We focus on the case of number fields, but we expect our results to hold for function
fields as well with only minor technical adjustments.

To simplify notations in the rest of this section, we put:

n+1
. )/(1)7 = g,
o Tt = Gal(Fpez/Fu1) = G = (0);

n+l _. n+2 _. .
« ity =trand NJIT =0 N;

. forany A € A and any ideal I, we shall denote A - I with both A(I) or I*, depending
on what is most convenient.

The goal is to prove that X[,.2] # 0 in order to find some direct connection between
split primes and growth of the class groups using this algebraic approach.

There exists a t € N, prime to ¢ such that [qn+2:]" = [q],,5;] € X[n+2) — {0} (note
that it is nontrivial because ! is injective on £-parts). Taking a prime (4, in the class
[q,,], we have that A A

o' (qn+2) € Gl([qfﬁz]) = [q;+2,i]

is a prime representative for the class [q/ +2]- Therefore, at the cost of substituting
Qn+2 P qn+2 (basically equivalent to taking the £-primary part of [,+2]), we can assume
t =1and [qne2] € Xnt2 = 1(Xn41) © X[nt2)-

To prove X|n4+2] # 0, it would be enough to show that [qn12;] € 1(X,4+1) for one
(hence all) i, and our goal translates into [q,+2] € (Xp+1)-

Even if this seems beyond reach yet, we derive some consequences of [(,4+2] €
1(Xp+1)- At the end of this section we mention how some of these consequences might
be used to provide a contradiction, and we suggest possible directions for future research.

Lemma 4.7. Let C¢(F,1) be the class group of OF,,,. For all [I] € 1(Ct(Fy+1)), the map
o1 G = Pr.,
o (o) =171

(where P, ., denotes the set of nonzero principal fractional ideals of Fp,12) is a well defined

element of H' (G, Pr,,,)-
Moreover, the map

Ynsz: 1(Cl(Fpy1)) = H' (S, P,,,)
Yna2(111) = @11

is a well defined homomorphism of A-modules and, in particular

Yne2li(xr) = 0.
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Proof. Since [I] € 1(Ct(Fy+1)), we have o’ ([I]) = [I], i.e., there exist b; € F,, such
that o’ (I) = (b;)I. Hence, by definition,

o (a’) = (by).

Since

alol(l) =o' ((bj)I) = o' (b;) (b)), (15)
we have

or1(a'a’) = o' (o (07)pn (o).

Therefore, ¢[y) is a cocycle in H' (G, Pp,,, ).
This induces a well defined map on classes because, if [I] = []], then

o (o) =171 = (b)) 17"~ = (b)) Lo (0?) for some b € FX,,.

Hence, ¢[7) and ¢ differ by the coboundary o' + (b)*' 1.
Moreover, for all [I], [J] € «(Ct(Fp+1)),

(P[I][]](O'i) — (P[I]] (O'i) — (I])a—l_l — Io-l_ljo—l_l — (P[I] (Gi)(p[]](O'i)

and, for all 1 € A,

o (6 = (AD) 1 = A1) = 29y (a),

where the second equality depends on the fact that I is abelian. Therefore,

ey = emey1 and e = Aen,

i.e., Up+2 is a homomorphism of A-modules.
Finally, since ((Xy+1) is an ¢-group and H'(G, PF,,,) is annihilated by |G| = p, we
have ¥12(1(Xp+1)) = 0, that is, for all [I] € 1(Xp4+1) the map ¢(;) is a coboundary. O

Remark 4.8. The existence of the map ¥,4+2 can be easily obtained using the exact
sequence
1—- Pk

n+2

— If,,, = Ctl(Fpy2) — 1,

n+2

where IF,,, is the group of nonzero fractional ideals of F,,. Taking G-cohomology, one
finds a map
Ct(Favz)® — H'(S, Pr,.,)

and, obviously, 1(C(Fy+1)) € Cf(Fpy2)”.
We choose to give a few more details mainly because we shall use the explicit
formula for the cocycle Vn12(qn+2) = @[qpa]-

Remark 4.9. Only the p-part of 1(Cf(Fp+1)) survives through ¥/,,+,. However, we recall
that 1 is not injective, in general, on p-parts.



Poly. J. Math. 4 (9) 19

Lemma 4.10. Assume [qu+2] € 1(Xp41) = X9

>, and let (n,42) be an element of P, ,,
such that

' forallo<i<p-1.

¢[qn+z](0i) = (Mns2)® ™
Then, Fpyp = Fryq (Un+2)-
Proof. Recall we assumed

Oj(qn+2) = Qn+2i 0<i<p-1

By assumption [qn+2] = [qn+2:] for all i, hence there exist §; € F,S,, such that
O'i(qn+2) = Qnaz,i = (8i)qn+2 0<i<p-1

Moreover, qn42,; # qnsa,j foralli # j yields (J;) # (9;), ie., g—; ¢ O;fn+2 forall i # j (note
that, without loss of generality, we can fix §, = 1).
By definition, for all 0 < i < p — 1, we have

(’7n+2)0i_1 = qu;l =(6),

i.e., there exist units &; € Of » such that

0i(’7n+2) = £i0iln+2 0<i<p-1 (16)

Obviously €;0ifp+2 = €j0jnn+2 if and only if (§;) = (J;) and this holds if and only if
i = j. Therefore, 1,42 has p distinct G-conjugates, i.e., its minimal polynomial over F,4
has degree p = [F42 : Fui1]- O

Remark 4.11. The proof of Lemma shows that the map ¢[q,,,,] is independent of our
initial choice of ¢p42,0. The ideal (7,+2) is not unique, however.

Remark 4.12. Let x? + cp_lxl”1 + -+ + ¢y € Fyi1[x] be the monic minimal polynomial
for n,42 and take v € Fp4q such that ve; € Op,,, for all i. Then:

« Since v € F,11, by the definition of 7,42
Vns2)® 7 = (Mns2)® ' = Qg1 (0) forall0 < i< p—1.

* Vlu42 isaroot of the (irreducible) polynomial x1"+vcp_1x1’"1 +o P leix P €
Of,,, [x], that is, vijp42 € OF,,,.
« By Lemma[4.10] Friy = Fpp1 (Vine2)-
« By Equation
O'i(VT],Hz) =£0iVp+2 forall0<i<p-—1.

Therefore, at the cost of multiplying by some v € F,.1, without loss of generality, we
can assume 7,42 € OF

n+2°
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Lemma 4.13. Assume [qni2] € 1(X,41) and let 5,42 € OF,,, be as above. Then,

n+2
' (fn+2) € Qnezi forall0<i<p-—1.

Proof. By the action of G on the q,+2;, it suffices to prove the statement for i = 0. Recall
that (8;)qn+2 = qn4z,; for all i, with §, = 1. Hence, vq,,,(6;) = —1for all i # 0 and
g0, (61) = 8ij (Kronecker’s delta) for all i, j € {1,...,p — 1}. Since o (Mn+2) € OF,
for all i # 0 we have

+2°

0 < vq,,,, (€i6iNn+2) = Vg, (6) + 0q,,, (81) + Vg, (Mna2) = =1+ 04, (Mns2),
ie, vq,,, (Mne2) > 1. O
Lemma 4.14. Assume [qn+2] € 1(Xp4+1) and let nyip € OF,,, be as above. Then:
(i) Vg1 (Mn42) = Vgpes; (Mna2) + 1 forall1 i< p—1;
(i1) Vg (N(152)) = P (Vgm0 (Tms2) = 1) + 1= 1 (mod p);
(iii) vg,,,, (disc(n+2)) > p (vg,,, (Mns2) = 2) + 2.
Proof. (i) From the previous formulas, one easily obtains, for all i # 0,

Z}11n+2(’7n+2) = an+z,i(o'i(’7n+2)) = an+2,i('5i5i’7n+2) =1+ UQn+z,i(’7n+2)-

(if) Since qn+1 splits completely in F, 4, we have

p-1 p-1
0 (N (1142)) = D 0.z (n42) = 05,0 (Tns2) + ) (0, (fns2) = 1)
i=0 i=1

= puqn+z(’7n+2) - (P - 1)

= p(0q,, (Mne2) —1) +1 =1 (mod p).
(iii) The minimal polynomial of 1,5 is f;(x) = Hf:o
formula disc(7n+2) = £N(f; (17n4+2)). Therefore,

1(x — £0in+2), and we use the

p-1 p-1p-1
N(fy (nns2)) = N (]‘[(nm - eiainm)) = N(ms2) [ [ [ J(1 =0/ (@6
i=1 j=0 i=1

Letm € {0,...,p — 1} represent the class of m € Z modulo p, so that ¢/ (q+2,;) =
U2 irj forall0 < i, j < p—1. By the proofofLemma forallh € {0,...,p—1},
we get
-1 ifh=j,
Vs (1= 07 (6:8)) =40 ifh=i+],
>0 ifh#j,i+].



Poly. J. Math. 4 (9) 21

Hence, for all j, the ;4 j-adic valuation of the product Hf:_ll H‘;:Ol (1-07(&6))
is > —(p — 1). Thus, using also (ii),

p-1p-1
O (N (142))) = 0q00s (N (102)) + 24, (ﬂ []a- oj(ei&-)))

j=0 i=1
> p(g,., (Mns2) = 1) + 1+ (1= p)
= p(Vge (M) — 2) + 2. O

These pieces of information lead to the following.
Corollary 4.15. Assume that [qn41] € X[n+1] — {0} and qn4q splits in Fyy.

(i) If no a € Of,,, such that F, .y = F,.1(a) verifies the equations for np.o in
Lemma then X[p42] # 0.

(ii) Assume [qn+2] € 1(Xn4+1) and let ny42 € Of,,, be as above. If disc(np+2)
disc(Fpy2), then vy, ,, (Mne2) = 1.

Proof. The hypothesis in (i) implies that there is no element like 7,42, hence [q;+2]
cannot belong to 1(X;+41).

For (ii), if vg,,,, (Mn+2) > 2, then, by Lemmaiii), the prime g+ divides disc(F+2)
and ramifies in F,.2, a contradiction. O

Remark 4.16. We can also assume that F contains the p'" roots of unity (or add them
from the very beginning) and use Kummer theory for Fy42/Fy41. If

p-1 p-1
a= " 00 (Mnz) = Mnvz Y (peid
i=0 i=0
is nonzero, then {,0(a) = a and Fyy = Fr1(Nn42) = Fuy1(a). Moreover
N(a) = af € F,y;1.
Therefore
Fasz = Fast ({N(@)) and N(@)(F)P [(F)? = (Fy 0 (Fp)P) (F)”.

Computing vg,,, (N(a)) would be relevant for ramification.

Remark 4.17. We also note that v, (7n+2) = 1 implies that the constant term of f; has
qn+1-adic valuation exactly 1 by Lemma ii). One might look for conditions to make
fy an Eisenstein polynomial for q,,1, which would again contradict the splitting of qp.1.

In general, it would be interesting to investigate the following.

Question 4.18. Is it true that, if [qn41] € X[ns1] and qnyq splits in Fpip, then X{p42) # 0
?

More ambitiously:

Question 4.19. Is it true that, if [qn+1] € X[n+1] and qneq splits completely in F, then X
is infinite ?
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5 Sinnott modules and stabilization

Even if many structural results hold in greater generality, here we focus on the
following setting:

O ZZ (d € N,) will be the Galois group of a Zg-extension ¥ /F with F a global
field;

« G, =T?" so that the canonical projection induces an exact sequence
1—G,—T LN I, —1

with
I'=1limT/G, = LimT, = m(Z/p"Z)d.

n n n

Remark 5.1. If F is a number field, then the compositum of all its Z,-extensions is a
Zz—extension for some d € N,. When char F > 0, char F # p and only finitely many
places are allowed to ramify, the only pro-p-extension is the arithmetic one with d = 1
(see, e.g., [Bl Proposition 4.3] or [[13] Proposition 10.3.20]). In the case p = char F, there
exist plenty of Z7-extensions, e.g., the ones arising from the torsion of Drinfeld-Hayes
modules (see [1} 2] for an Iwasawa theoretic study of this setting).

As before, we put F,, = ¥ The set
Siny = {[0] € R:(T) = ppn} =Ry = Ry
is finite for all n. Moreover, (4) yields
1S(n11[Qe(1pn) = Qe] = Ho € TV s (T) = pyu}| = p = p?*™) foralln>1 (17)

and |S[0]| =1.

For any [w] € 85, the ring A[,) is isomorphic to Z[p,.]. In particular, the Z,-
rank of A[,) is the degree of the (unramified) local extension Q;(,,») /Q¢, and coincides
with the order of £ in (Z/p"Z)*. We already called this number f,, and we recall that
for every p # 2 and every ¢, setting a(f, p) = vp(t’f1 — 1), one has

fn = fip" et for n > 0. (18)

Definition 5.2. A Sinnott module is a locally finitely generated and I, -complete A-module.
Moreover, a Sinnott module is torsion when it is locally torsion.

Remark 5.3. We choose a setting in which T is topologically finitely generated for
simplicity. In general the definition of Sinnott module also requires the set

Sin1(M) = {[w] € 8n] : Mjw] # 0}

to be finite for all n. There are some technical difficulties arising in the general case:
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« Explicit formulas (see below) are available only for Sinnott modules.

« In Iwasawa theory, starting with a filtration of the Galois extension ¥ =, Fy,
one usually looks for a description of the modules associated to the subextensions

F,, ie., for
M, = Z Mo
[w]eR,

In general, it is easier to obtain formulas for the modules
> My and Z Z M, (19)
[w]e8n i=0 [w]€e8y;

associated to 8, and to 8, := (Ui, 8;] respectively, but it is unclear to which
filtration of fields they correspond.

In our setting, 8[, is always finite and 8, = R,,. Therefore, the [n]-component M} and
n-quotient M, defined in Definition 2.6 coincide with the modules in and formulas
for F, come up smoothly. See [4 Section 4] for the general case and particularly [4]
Remark 4.9] for the technical adjustments needed in the formulas.

5.1 Formulas for Sinnott modules

Let M be a Sinnott module. For all n € IN, we attach to it the following numbers:

rankz, M, rank, M,
"[n] = "[n] (M) = 2 Tinl and Pln] = Pln] (M) = —[n] (20)
In fa
Moreover, if M is a torsion Sinnott module, i.e., if ;) = 0 for all n, we also consider
o¢(|Mpn|)
Hn] =t (M) = ——1212 (21)
fn

Theorem 5.4 ([4, Theorem 4.7]). Let M be a Sinnott module. Then the numbers r(], pin
and (if M is torsion) t[,) are all in N. Moreover, if p # 2, with a(f,p) = vp(t’f1 - 1) as
before, one has for alln > 0

n a(t.p) n
rankz, My = 3 fortm) =rio) +fi D) rtn + D P
m=0 m=1 m=a(t,p)+1

Formulas for rank, M, and (if M is torsion) for v,(|My,|) are simply obtained by replacing
all values r(,| with the numbers p[p,| Or ;) defined above.

Proof sketch. Use the structure theorem for finitely generated modules over discrete
valuation rings to write

~ Al @ @A 111w (22)
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where the non-negative integers r[,,] and s, and the finite sets of ideals I}, ; are
all uniquely determined by M and w. Then, group together the [w]-components with
isomorphic Af] (i.e., those in the same §|,}), and count the required ranks or orders
using the explicit formula for f,. o

Class groups and (duals of) Selmer groups of abelian varieties are examples of Sinnott
modules by [[4] Section 6].

5.2 Stable Sinnott modules

Let M be a Sinnott module and recall the numbers r(,, p[,] and f[,] defined before.

Definition 5.5. We say that M is Z,-stable (respectively, £-stable, v,-stable) if the r[,)’s
(respectively, the p(,’s, the t[,)’s) become constant, i.e., if either of
rank, M[n] rank, M[n+1] Z)t’(lA/I[n]D Ut’(|M[n+1]|)
fn fn+1 fn fn+1

(with e € {Zy, t}) is true. Moreover, we say that ranke M or v,(|M|) stabilizes at m if the
appropriate equality in holds forn > m

foralln>0 (23)

Note that, for free modules, one has
rank, A7
[n]
fn

Hence, in general, a free module is not stable. A particular case in which a free module
is stable is provided by I' = Z,, where

=71|8y)| foralln>0

P=1  aep)-1
S| =L~ palep
S a1l 7 P

for n large enough, see formulas and (17).
More generally, take a locally free A-module written as

ol _ rlwl
= Lac=l1 T st =] w0
[w]eR n20 [w] €8y n>0
Then, M is rank,-stable if and only if r[,] = r[,41] for all n > 0.

Theorem 5.6. LetT = Z, and let M be a Sinnott Z,[[T']]-module. Then, M is rankz, -
stable if and only if there exists u, v € Q with y > 0 such that

rankz, M, = pp" +v foralln > 0.
Analogous statements hold for rank, and v, stabilization, when well defined.

Proof. Assume p # 2 (the proof for p = 2 is analogous), without loss of generality we can
also just consider stabilization at some ny > a(¢, p) so that f, = pfo—1 = =p" ™ f,,
for all n > ny.
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(=) By hypothesis, there exists a certain ny such that, for all n > ny, we have r,.q] =

r(n]- By Theorem[5.4] this yields

no—1 n n
rankz, M, = Z SmT[m) + Z SmT(m] = any + fnoT(ng] - Z pr
m=0 m=ngy m=ny
n—no+1 _ 1
p—-1
rankz, M[p,] N rankz, My, '
p-1 pr~l(p—1)

= Qn, +f;10r[ﬂo] )

n

=ap, —

for all n > ny and establishes the statement with

rankyz, My, rankyz, Mjp,
H= —nrlZ[ _[ ol and v= Any — —Zi Lmol (24)
peip-1) p-1
(&) By hypothesis, for all n > 0, one has
rankyz, Mp41 — rankz, M,, = p(p™t = p") = pp™(p - 1).
Comparing with Theorem|[5.4] we get
fas1T(ne1] = ﬁpn+17a(f’p)r[n+1] =pp"(p-1), ie,
-1
neny = pp 07 P e N
h
which does not depend on n; recall that a(£,p) > 1and f; | (p — 1). O

Remark 5.7. The proof shows that the denominator of 4 is of the form p®b for some
a,be Nwithb | (p—1).

Remark 5.8. Since rankz, Min)] = fu,"(n,] a0d fr, | @(p™) = p™~(p — 1), we have
u € N when ¢ is a generator of (Z/p"Z)* for all n > 1. It is not a necessary condition
because the value r[,,] can eliminate part of the denominator in Equation (24).

Remark 5.9. The first part of the proof shows that, for a module which stabilizes at ny,

we have
] B rankz, M{p,] o1
lim rankz, M, =ap, - ———

n—+co p-1 =V=dan, —p

78

Analogous formulas hold for rank, M,, and vy (|My|). The latter is particularly interesting
because it implies

_ —a(tp). fi_
lim |M,| = £% HEN A 2 = Zy,

n—+oo

which makes sense because #/i =1 (mod p) and its (p — 1)'" roots belong to Z,,.
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5.3 Examples

By [21} Theorem] the £-part of the class group of the cyclotomic Z,-extension of an
abelian number field is finite. On the other hand it is easy to find examples of cyclotomic
Z,-extensions with infinite p-part of the class group; just take a totally complex abelian
number field F in which the prime p is totally split, then the A-invariant for F.,. is at
least equal to [FZ—Q] Therefore, the behaviour of p-parts and £-parts can be completely
different and unrelated. However, [[20/ page 192] suggests that “it is reasonable to
conjecture that e, = up™ + v for large n” (where e, = v,(|X,|)). We have seen that this
is possible only for v,-stable modules.

When one considers Selmer groups or Tate-Shafarevich groups of elliptic curves
(or abelian varieties in general) the situation is different because both are related to the
rank of the elliptic curve, hence their growths must be similar. Let E be an elliptic curve
defined over F. For any prime g, the exact sequence involving g-parts of Selmer and
Tate—-Shafarevich groups

0 — E(F,) ®Qq/Zq —> Sel(E/Ey) — TI(E/F,)[g™] — 0 (25)
and the fact that, by the Mordell-Weil theorem, one has
rankz E(Fy,) = corankz, E(F,) ® Qq/Z,
show that
rankz, Sel, (E/F,)" =rankz E(F,) = rankgz, Sel;(E/F,)"

whenever III(E/F,)[p™] and III(E/F,)[¢*] are finite. In this setting, Theorem 5.4 pro-
vides estimates on the growth of the Z-rank of the elliptic curve which are independent
of any additional hypotheses.

On the other hand, with additional hypotheses on the reduction at certain primes
(usually the ramified ones in a Zg-extension) [12 Proposition 1.1] and [[18| Theorem 9]
together with [17, Theorem 5] provide growth formulas such as

rankz, Sel,(E/F,)" = x1p™ + O(p™*™V) (26)

for some constant k; € IN. Assuming the finiteness of the III(E/F,)’s, in the case d = 1
this growth is possible only for Z,-stable modules.

A similar phenomenon is described in [[7] for £-parts of Tate—Shafarevich groups,
where ¢ = p is allowed. Let ¢ : E; — E; be an isogeny of elliptic curves, with dual
isogeny ¢, defined over a number field F. Let 7 /F be a Z,-extension with layers F, as
above’| For any group H, let H¥* be its divisible part and H° := H/H®®.

Theorem 5.10 ([7, Theorems 1.1 and 1.2]). Let F = Q so that ¥ is the Z,-cyclotomic
extension of Q and fix a prime £. Then, for all n > 0, there exist constants u(t), v(f) and
e(t, n), such that

, (|H_[(E1/Fn)o [£]] =pu()p" + v(¢€) + e(t,n). (27)

[IL(Ez/Fn)°[£]]

3Note that in [7] the authors work with p-parts in Z,-extensions.
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For a general ¥ | F, one has

(ISt (E F) ]| JIICE: /) []]
“\|Seld® (Ey/Fy) [9t]] 1TL(E2/En)° [¢7]

) = p(O)p" +v(0).

Moreover, if the Zp-coranks ofSelfoi”(El/Fn) are bounded, then we also have

(|LH<E1/Fn)°[f°°]|
“\IIL(Ey /Fy)o [€=]]

) = u(Op" + 11 (0).

It is important to notice that:

« The paper [[7] also provides explicit formulas for ;(£) which involve a sum of local
parameters i, (f) (as v varies in the places of F of bad reduction for E;). When
¢ # p the p,(¢) can be nontrivial only if v splits completely in 7 /F, this resonates
with the speculations in Section [4.4]

« There are examples in which p(f) # 0 and also cases in which p(f) € Q — Z
(actually its denominator has to divide 12).

« The last constant ¢(¢, n) in Equation depends also on n in general but, if £ # p,
then ¢(¢,n) = 0.

When HI(E;/F,)[¢*] = 0 for all n (for example with E, the curve 11a3 of [7|
Example 1.5]), we obtain a growth of ITI(E;/F,)°[£*] compatible only with a v,-stable
module.

It seems that relevant Iwasawa modules (i.e., those arising in some arithmetically
significant context) for Z,-extensions should be stable modules of some kind. Hence,
their [n] and [n + 1]-components are somehow related to each other for large n (some-
thing that is absolutely not clear from the general algebraic structure of I,-complete
modules).

This leads to the following (probably hard) question.

Question 5.11. Are all Iwasawa modules arising from arithmetic Z; or ¢ or ve-stable ?

Stability is also one of the two conditions (the other being freeness, see [4, Exam-
ples 4.13 and 4.14]) in which we are able to compute the p-adic limits for the formulas in
Theorem We showed the relation between the limits and the arithmetic constants y
and v in Remark[5.9] Hence a follow-up question would be:

Question 5.12. Is there an arithmetic interpretation of those limits ?

Both questions hint at the existence of some ¢-adic L-functions with which one can
formulate a main conjecture for this (£ # p)-setting (for an example see [4] Section 7]).
The limit might be somehow linked to special values of such functions (but this is just
speculation due to the actual absence of any further evidence).
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