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Abstract

Denote by ®,,(X,Y) € Z[X, Y], m > 1 the sequence of binary cyclotomic forms,
so that @,,(T,1) € Z[T], m > 1 is the sequence of cyclotomic polynomials. We
prove that, for m > 3, the fundamental domain

Om = {(x,y) €R? | Bpy(x,y) < 1}

of ®,, is a convex subset of R? if and only if m is equal to p, 2p, or 2% with p an odd
prime and k > 2. Finally we investigate the convexity of the fundamental domains
attached to some products of binary forms ®,,.

Keywords: Cyclotomic forms, convexity.

1 The result for one form

When F(X,Y) € R[X, Y] is a positive definite binary form of even degree > 2, we
denote by
O(F) = {(x, y) € R? | F(x,y) < 1}

its fundamental domain. It is a compact subset of the Euclidean plane, stable by any
homothety with ratio less or equal to 1, in absolute value. In particular, it is symmetrical

relatively to the origin of the plane.

The sequence of binary cyclotomic forms ®,,(X,Y) € Z[X, Y], m > 1, is defined by

induction using the formula

XM Y™ = [_] Dy(X, Y).
dlm
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The sequence of cyclotomic polynomials is denoted by ¢,,(T) = ©,,(T,1) € Z[T],
m > 1. The degree of ®,, is ¢(m), where ¢ is Euler’s totient function. For m > 3, the
binary form ®,,(X, Y) is positive definite and we denote by O,, its fundamental domain
O(®,,). Our first goal is to prove:

Theorem 1.1. For m = p or 2p with p an odd prime, and form = 2F with k > 2, the
domain Oy, is convex. For all other values of m > 3, the domain O,, is not convex.

It follows that, for a density-1 set of m > 3, the domain O, is not convex. As
N — oo, we have

3 N
#{3 <m<N|Opyis convex} = (E + 0(1)) m
0

which is a direct consequence of the prime number theorem.

2 Auxiliary results

The following values of the cyclotomic polynomials at 0, 1 and —1 are easy to check;
see [6] Section 1, Equations (6) and (7)], [3] Section 4], and [5] Lemmas 2.2 and 2.3].

Lemma 2.1. Denote by w(m) the number of distinct prime divisors of a positive integer m.
We have ¢1(0) = —1, §(0) =1 form > 2,

0 ifm=1,

¢m(1) =3p ifm=pF (k> 1,p prime),

1 ifw(m) > 2,
and

-2 ifm=1,

dm(=1)=3p  ifm=2p~ (k> 1,p prime),
1 otherwise.

Recall the general formula

Pm (1) = ¢q(tm/q)> (2.1)

when g is the radical of m (i.e. the product of all primes dividing m).

We will also use the following consequence of the Brunn-Hadamard criterion; see [}
Theorem 2.3] and [2| Section 2.3, Theorem 2.10, page 32]. It links the convexity of the
function F to its Hessian.

Lemma 2.2. Let F: R> — R be a C?-function. Then F is convex if and only if the Hessian
matrix of F is positive semi-definite. This condition is equivalent to the three inequalities

Fl.(x,y) >0
Fy (x,y) >0

Fl(xy)Fy(x,y) = Fy(xy)® > 0,
forall (x,y) € R2.
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Let F be a positive definite polynomial in R[X, Y]. If F is convex, then O(F) is
convex. The converse is true when F is homogeneous [l Theorem 5.1]. We deduce a
criterion for O(F) to be convex in the particular case where F is a form.

Lemma 2.3. Let n be a positive even integer and f € R[t] a monic polynomial of degree n
without real root. Denote by F(X,Y) = Y"f(X/Y) the associated positive definite binary
form. Then O(F) is convex if and only if, for all (x,y) € O(F), we have

Fl.(x,y) >0
Fily(x,y) >0 (2.2)

Fl (. y)Fyy () > FYy(x.9)2.

Remark 2.4. If the condition is satisfied for all (x,y) with F(x,y) = 1, then by
homogeneity it is satisfied for all (x,y) € R

Remark 2.5. Since F is a form with even degree, the fundamental domain O(F) is
symmetrical with respect to the origin. If furthermore the polynomial f is reciprocal (as
the ¢,), O(F) is symmetrical with respect to the line {(x,y) | y = x}. This observation
leads one to consider the intersection O(F) N Q where Q is the quarter of the plane
defined by

Q={(xy) eR?| |y < x}. (2.3)

We now assume that the hypotheses of Lemma[2.3]are satisfied and that the polyno-
mial f is reciprocal.

For -1 < t < 1 we set x(t) = f(¢)~/", so that F(x(t),tx(t)) = 1 for -1 < t < 1.
The function t > (x(t), tx(t)) parametrizes the intersection of Q with the boundary of
the fundamental domain of O(F).

From F(X,Y) = X"f(Y/X) = Y"f(X/Y) we deduce

Fl(x.y) =y"'f(x/y), Fl(x.y) =y"*f" (x/y),
Fy(x,y) =x""'f'(y/x), Fyl (x,y) =x""2f"(y/x).

When g is a polynomial of degree d, let us denote by g the polynomial t?g(1/t). Since f
is reciprocal, we have f = f. In general f” is not reciprocal and f’ # f ’. However
f’, = (d/dt)f’(¢) is reciprocal with degree n — 2; indeed from

Feloy) =y f(x/y) =x""'f'(y/x) and Fy(xy) =x""f (y/x) = 4" f (x/y)

we deduce -, -,
X" (y/x) = By (xy) = F(ey) =y" 2 f7 (x/y).
With x = x(t), y = y(t) = tx(t), we have
F(x,y) =y" ' f'(1/) =x"7' f (v), Fl (x,y) =y"2f" (1/t) = x"2f7 (b),
Fy(xy) =x""'f'(b), Fyl (xy) = x"2f" (1),
Fl, () = y" 27 (x/y) = x"72F7 (y/x).
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Therefore, thanks to Remark [2.4]and to the symmetry, the convexity conditions (2.2)
can be written in an equivalent way as

f//(t) > 0
(=0 for-1<t<1. (2.4)

FrOf () > f (1)

Under the assumptions of Lemma [2.3] assuming that f is reciprocal and n > 4, let h,
if it exists, be the order of the first derivative of f of order > 2 and < n/2, which does
not vanish at 0. Recall that f is monic and reciprocal. If & exists, f(t) has the shape

f(t) =1+ait +apt" + -+ apt" "+ a4 1" (2.5)
with 2 < h < n/2 and a;, # 0. If h does not exist, f(t) has the shape
f(t) =1+ agt +at" ' + " (2.6)

We say that O(F) is convex at the point (0, 1) if there exists r > 0 such that the intersection
of O(F) with the disc of center (0, 1) and radius r is convex. If there exists ¢ > 0 such
that the three inequalities of hold for all ¢ in the smaller interval —¢ < t < ¢, then
O(F) is convex at the point (0, 1).

In the opposite direction: if for every ¢ > 0, there exists —¢ < t < ¢, such that at least
one the following inequalities holds: f”(t) < 0, f;(t) < 0,and f”(t)f;(t) < ]?”(t)z;
then O(F) is not convex at the point (0, 1).

Based on these observations, we will prove:

Theorem 2.6. Let F be the binary form corresponding to a polynomial f with even degree
n > 4, without real root, monic and reciprocal, written as in or (2.6) .

« Suppose that a; # 0. Then the fundamental domain O(F) is

n—

1
— convex at the point (0,1) if ay > af,

n-1
— not convex at the point (0,1) if ay < z—af.
n

« Suppose that a; = 0, and that h exists. Then the fundamental domain O(F) is

— convex at the point (0, 1) if h is even and ay, > 0,

— not convex at the point (0,1) if h is odd or if ap, < 0.

« Suppose that a; = 0 and that h does not exist. Then the fundamental domain O(F)
is convex.
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Proof. From we deduce the equalities
(1) =ay + hapt" ' + -+ (n = h)apt" " + (n - 1)ay " + nt"!
f(t) =h(h=Dapt" 2+ +i(i = Dait" 2 + -

+(n=h)(n-h-Dapt" "2+ (n-1)(n-2)art" > +n(n-1)"?

n—h-1 n-1

/() =n+(n—1)ait + (n— h)apt" + - + hapt +at"
f;(t) =n(n-1)+(n-1)(n-2)ait+ (n—h)(n—h-Dapt" + -+ h(h - Dapt"?,
(1) =(n-Da; + h(n—Rapt" + -+ h(n - h - Dant" "2 + (n - Dayt" %
Notice that we have j?’;(t) > 0 in the vicinity of t = 0. We have f”/(¢) > 0 in the vicinity
of t = 0 if and only if a5, > 0 and h even.

« When a; # 0, we have the following expansions as t tends to zero
() £7(t) = hn(h = 1)(n = )ant"% + O(t" 1), (2.7)
and
[f"(t)]z = (n—1)% +0(1). 2.8)
The conditions are satisfied for sufficiently small t, when h = 2 and a; >

"Z—;laf. For h > 3 (so a; = 0) or for a; < ”2—;1af, this condition is not satisfied and

O(F) is not convex at the point (0, 1).

« When a; = 0 and h exists, we replace by the following expansion
~ 72
|7/ 0)] =r - wiaeh + 0™,

Comparing with we see that is satisfied for any sufficiently small ¢, if
and only if & is even and a;, > 0. Recall that a;, # 0 by definition.

When a; = 0 and h does not exist, the form F has the shape F(X, Y) = X"+Y" with
even n. It is well known that O (F) is convex. A proof of this fact is recovered from
Lemm:)i since n is even and since Fy/, (x,y) = 0 while F}/, (x,y) and Fy/, (x, y)
are = 0.

Another proof of the convexity of the fundamental domain of F(X,Y) = X" + Y" for
even n > 2 is as follows. The boundary of O(F) in the quadrant {(x,y) | x > 0,y > 0}
is given by the function x € [0, 1] — (x, y(x)) with

y(x) = (1—x")!/".
A direct computation gives the equality
y// — _(n _ l)xn—Z(l _ xn)(l/n)fz,
which is negative for 0 < x < 1. Hence O(F) is convex. ]

Remark 2.7. Theoremgives no information when a; # 0 and a, = (n - 1)a?/(2n).
A precise study of this case requires hypotheses on the coefficients a; with t > h + 1.
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3 Proof of convexity in Theorem 1.1

As mentioned in Remark [2.5] it is sufficient to check the inequalities of (2.2) for
(x,y) € Om N Q to obtain the convexity of Op,.
We begin by the case n = 2% with a > 2. We have

Do (X,Y) = X2 + 72

The convexity of O« and, more generally, of the fundamental domain of the binary
form F(X,Y) = X" + Y" when n is even, is a consequence of Theorem[2.6|(when a; = 1
and h does not exist).

When m = 2m’ with m” odd we have

Dy (X, Y) = @y (X, -Y). (3.1)
Therefore the convexity part of Theorem [1.1|follows from the next result with m = p.

Lemma 3.1. Letm > 2 be an odd integer. Then the fundamental domain of the binary

form
xm _ym

FX,Y) =X™1 4+ X2y 4. 4 XY™ 24 ym 1 = —

5

namely

O(F) = {(x,y) e R* | |x" —¢y™| < |x -y},
is convex.

Proof. The idea behind the following proof was suggested by Al Let (x,y) € R? satisfy
|F(x,y)| < 1. For 0 < s < 1 define the linear function L(s) = sx+ (1—s)y. The derivative
of L(s)™ is m(x — y)L(s)™"1. Hence

F(x,y) = m/OIL(s)'"—lds,
We deduce
Fle(xy) =m(m=1)(m-2) / RLiomtas
Fry(x.y) = m(m = 1)(m - 2) /0 (- L) ds,
Fyy(%.4) = m(m = 1)(m = 2) /01(1 — 5)*L(s)™ds.
As a consequence, for t € R, we have

1
F (x, y)t? + 2F/, (x,y)t + F/, (x,y) =m(m - 1)(m - 2) ‘/0 (st +1—s5)2L(s)™ ds,

which is > 0. Therefore the above quadratic form in t is positive definite. We deduce
that condition (2.2) holds and Lemma|2.3|can be applied. O
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4 Proof of the non-convexity in Theorem

Let m > 3 be an integer not of the form m = p, 2p nor m = 2¥ with p an odd prime
and k > 2. Then m satisfies one of the following conditions:

1. m has at least two different odd prime divisors,
2. m = p® with p an odd prime and ¢ > 2
3. m = 2%p’ with p an odd prime, a > 1, £ > 1 and (a,¢) # (1,1).

In case (1) one deduces from Lemma
®,,(0,1) =D, (1,1) = Ppp(—1,1) =1,

hence the line y = 1 has three points of intersection with the boundary of O,,, and
therefore O,, is not convex.

The same is true in case (3) when a > 2.

The case (3) with a = 1 reduces to case (2), as shown by equation (3.1).

It remains to show that in case (2) the set O,, is not convex. Let m = p’ with p an
odd prime and ¢ > 2. From formula we deduce

Gm() = Gpe (1) = Gp(t? ) =1+ 1P + 12 4o o702

and the first non-zero derivative or order > 2 at 0 of ¢, has an odd order, precisely
p'~1. Therefore, near t = 0, we have ¢/ (t) > 0 for t > 0, ¢/ (t) < 0 for t < 0, hence the
curve ®,,(x,y) = 1 has an inflexion point at (0, 1), and therefore O,, is not convex at
this point.

We may also remark that the convexity condition is not satisfied since, near
t =0, we have ¢/, (¢) < 0 for t < 0 while ng” (0) = p(m)(p(m) —1) > 0.

This completes the proof of ’Iheorem-

Remark 4.1. Using formula (2.1) we obtain for p an odd prime, a > 2 and ¢ > 1 the
equalities

zafl 2a 1 -1

Bpape (1) = Gap (1 P) = g (—12TPT) = +o(*",

as t tends to zero. "Iheorem (with a; = 0, h even and aj, negative) shows that Ojar
is not convex at (0, 1). This gives another proof of the non-convexity of Oza, for a > 2.
We deduce that, if Oy, is not convex but is convex at (0, 1), then m has at least two
different odd prime divisors.

Also, for p; and p, two odd primes, we have, near t = 0,

¢)p1(tpz)
¢P1(t)

hence Theorem (with a; = —1, a; = 0) shows that O,,,, is not convex at (0, 1).

Ppup, (1) = =1-t+0(t%),



Poly. . Math. 4 (7) 8

On the other hand, since 105 is the product of three odd primes, O;5 is not convex
by Theorem |[1.1] However it is convex at (0, 1), since we have

Bros(t) =1+t +12 =12 =15 —2t7 =5 — % + 12 4t 4 M 41 4 116

pp17 420 _ g2z g24 426 428 431 432 433 434 35
136 439 | 440 | opdl 42 43 446 44T 4 448

which allows to apply Theorem[2.6|with a; = 1, a, = a, = 1, and m = 48. More generally,
Theorembelow with s; = 1, s; = s3 = 0 shows that, when m is odd with p(m) = -1,
then Oy, is convex at (0, 1). The same is true when m is even with py(m) = 1.

5 Multicyclotomy

A natural question is to control the convexity of the fundamental domain O(F; - F;)
when F; and F, are two definite not proportional binary forms. This program is very
ambitious : the convexity (or not) of O(F;) and of O(F,) has no obvious link with the
convexity (or not) of O(F; - F,). For instance O(100x? + y?) and O(x? + 100y?) are both
convex; however O((100x? + y?)(x? + 100y?)) is not convex.

In [4]], we defined the set of multicyclotomic binary forms

Op(X,Y) =0p, (X, V)P, (X, Y) - - - Dy (X, Y),

where m = (my,...,ms) withs > 1and 1 < m; < .-+ < mg. Such a form is totally
positive if and only if m; > 3.

Question. For which compositions m withs > 1 and my > 3 is the set

Om = {(x.y) € R | [@n(x,y)| < 1}
convex?

Theorem 1.1 completely answers to this question when s = 1.

5.1 A first example of non convexity

Letm = (my,...,mg) withs > 1and 3 < m; < -+ < mg. Assume that, for 1 < i < s,
we have

o either w(m;) > 2 and m; # 2 (mod 4)
. or 2||m; and w(m;/2) > 2.
Then from Lemma [2.1] we deduce
B (0,1) = O (1,1) = B(=1,1) = 1,

hence Oy, is not convex.
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5.2 Bicyclotomy with powers of 2

We consider the case k = 2, m = (mq, my) with m; and m; powers of 2. The case of
bicyclotomy seems hard to be treated in full generality. So we are only concerned with
the convexity of the fundamental domain O,a ,» with b > a.

We have:

Theorem 5.1. Leta > b > 2 be two powers of 2 and let F,;,(X,Y) be the positive binary
symmetrical form

Fa,b(X» Y) = (Xa + Ya)(Xb + Yb) = CI)Za(X> Y)q)Zb(Xs Y)
Then the corresponding fundamental domain O(F,p) is convex.

Proof. To shorten notations, write F = F,,. We have the equalities
F= Xa+b + XaYb + XbYa + Ya+b’
F. = (a+b)X“P™1 4 ax* 'Y + bXxP 1Y,
F = bX*Y"™ 4+ axY*" ! + (a+ b)Y*P,
F/.=(a+b)(a+b-1DX""24a(a—1)X2Y? + b(b - 1)XP72Y9,
FJ, =b(b-1DXY"? +a(a— )XY + (a+b)(a+b-1)Y*"7?
FY, =abX*'Y?™ + abX? 7y

The formula for the Hessian H(x, y) of H is

H(X,Y) = F Fl, = (F{)? =b(b - 1)(a+ b)(a+ b —1)X***02yb~2
—ab(a+b—1)x?*2y?—2
+ala—1)(a+b)(a+b—1)x*?-2ye2
+2(a+b-1)((a®+ b (a+b—1) - ab)x*t-2ys+b-2
+ala—1)(a+b)(a+b—1)X*2y*+2b-2
—ab(a+b-1)x%2y%2
+b(b—1)(a+b)(a+b—1)xb2y?atb-2

=A-B+C+D+E-G+],
by definition. We must prove that for all (x, y) € R? one has

H(x,y) > 0. (5.1)

By symmetry, we may restrict to the case |y| < x (see the definition of Q in (2.3)). Firstly
we study sufficient conditions (on a and b) to ensure the inequality

A(x,y) = B(x,y) + G(x,y), (5.2)
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for every x and y. Indeed we have, for every x and y and every powers of 2, a > b > 2,

the inequalities
x2arb=2b-2 5 2a=2,2b-2 (5.3)

and

x2a+b—2 b-2 > be—Z

y y (5.4)
We now study the coefficient A(1,1) — (B(1,1) + G(1, 1)). It has the value

b(b-1)(a+b)(a+b—-1)—(abla+b—-1)+ab(a+b-1))
=bla+b-1)((b-1)(a+b)-2a) >0, (5.5)

if we suppose that b > 4. Combining (5.3), (5.4), and (5.5), we proved (5.2). By positivity,
we proved (5.1) under the restriction b > 4.

We now suppose that b = 2. Notice that we have a > 4. By the above calculations,
we already know that
A(x,y) > B(x,y). (5.6)

We take into account the term E(x, y) in order to prove that
E(x,y) > G(x,y). (5.7)

We notice that we have

xa—Zya+2b—2 > be—ZyZa—Z (58)

for x > y, a > 4 and b = 2. Secondly, under the same conditions, we also have the
inequality
a(a—1)(a+b)(a+b-1)>abla+b-1) = 0. (5.9)

Combining and (5.9), we deduce (5.7). By positivity and by we deduce that
H(x,y) > (Ax.y) = B(x,y)) + (E(x.y) - G(x.y)) > 0.

The proof of is complete. This ends the proof of Theorem5.1] O

5.3 Convexity at the point (0, 1)
Recall some values of the first coefficients of the cyclotomic polynomials [5} (4.3)].
Lemma 5.2. Letm > 2 and ¢, (t) be the cyclotomic polynomial, written as
Pm(t) =1+ vt + vat? + O(t%)
in the vicinity of t = 0. We then have
v = —p(m),

and
[l m) = p(my1 /2 if m is odd,
T 2 m) - p(m)1 /2 = p(m2) i m is even.
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In other terms, for m odd > 3, we have
1+t+t2+0(t3) ifp(m) =-1,
Pm(t) = 11—t +0(t%) if p(m) =1,
1+ 0(t) if u(m) =0
while for m even > 4, we have
1+t+0(t%) if p(m) = -1,
Pm(t) =41 —t+12+0(83) if u(m) =1,
1—pu(m/2)t2 +O(t®) if u(m) = 0.
Notice that, if m is odd > 3, then ¢op, (¢) = ¢y, (—t) and p(2m) = —p(m).
Combining Theorem 2.6/ with Lemma [5.2| we obtain the following:
Theorem 5.3.

1. Let sy, 2,83 be non negative integers, s = s; + sz + s3 and my, . .., mg distinct odd
integers > 3 satisfying

si=#{i | 1<i<s,p(m) =-1},
so=#{i|1<i<s,p(m) =1},
ss=#{i | 1 <i<s,pu(m;) =0}

Assume s; > s,. Then the fundamental domain O(®p, - - - Oy, ) is convex at the

point (0, 1).

2. Let py,...,ps be distinct odd primes and ki, . .., ks integers, all of them > 2. Set
qi = pfi (1 < i< s). Then the fundamental domain O(®g, - - - ®g4,) is not convex at
the point (0, 1), hence is not convex.

For instance from the first item with s, = 0 we deduce thatif p; < p; < -+ < ps

are distinct odd primes and ki, ..., ks are positive integers with one at least of them
equal to 1, if we write q; = pll.c" (1 < i< s), then the fundamental domain O(®g, - - - @)
is convex at the point (0, 1). Item 2 shows that the assumption min{ky,...,ks} > 2is
necessary.

Proof. 1. Let f := ¢, - - - §m,. According to Lemmal5.2] we have
f(t) =1+t +t5)%(1-1)%2 +0(+)
=1+ (s;—s2)t+ %(sl(sl +1) +55(s1 — 1) = 2s52) 12 + O(¢%)
=14 (51— st 55— 52) (51— 2+ DE+O(E).
Since s; > sy, we have

(51 —52)(51 — Sy + 1)/2 > (51 —52)2(7’1 — 1)/27’[.

Item 1 then follows from Theorem [2.6]
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2. From formula we deduce that for p an odd prime and k > 2 we have
(1) =1+ 17 + 0.
Assume without loss of generality pf“l <. < pfs_l. We deduce
k-1 k-1
b (D) - g () =1+ oy O(tpl1 +)

and we apply Theoremwith a; = 0 and the odd value of h = p’fl_l. o

6 Illustrations

Figure [1] displays the fundamental domain O,,: for m € {3,7}, m € {6,10}, and
m € {4, 8}, the domain O,, is convex; for m € {15,105}, m € {9,25}, and m € {12, 20},
the domain O,, is not convex.

Recall Theorem 1.5 of [3]]: when m is large, m > my(¢), the fundamental domain O,,
contains the square centered at the origin and side 2 — m~!*¢ and is contained in the
square centered at the origin and side 2 + m~!*¢. In particular, for a very large m, it is
difficult to guess only by looking at the picture whether Oy, is convex or not.

Figure [2|displays the fundamental domain Ojs 54, which is convex (Section .

Figure [3|displays the fundamental domain Os 5, which is convex near (0, 1) (Sec-
tion|5.3).
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Figure 1: The fundamental domain O,, for various values of m.
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Figure 2: The fundamental domain Oys 5.
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Figure 3: The fundamental domain Oss.



	The result for one form
	Auxiliary results
	Proof of convexity in Theorem 1.1
	Proof of the non-convexity in Theorem 1.1
	Multicyclotomy
	A first example of non convexity
	Bicyclotomy with powers of 2
	Convexity at the point (0,1)

	Illustrations

