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Abstract

Denote by Φ𝑚 (𝑋,𝑌 ) ∈ ℤ[𝑋,𝑌 ],𝑚 ⩾ 1 the sequence of binary cyclotomic forms,

so that Φ𝑚 (𝑇, 1) ∈ ℤ[𝑇 ], 𝑚 ⩾ 1 is the sequence of cyclotomic polynomials. We

prove that, for𝑚 ⩾ 3, the fundamental domain

O𝑚 ≔
{
(𝑥,𝑦) ∈ ℝ2 | Φ𝑚 (𝑥,𝑦) ⩽ 1

}
of Φ𝑚 is a convex subset of ℝ2

if and only if𝑚 is equal to 𝑝 , 2𝑝 , or 2
𝑘

with 𝑝 an odd

prime and 𝑘 ⩾ 2. Finally we investigate the convexity of the fundamental domains

attached to some products of binary forms Φ𝑚 .

Keywords: Cyclotomic forms, convexity.

1 The result for one form
When 𝐹 (𝑋,𝑌 ) ∈ ℝ[𝑋,𝑌 ] is a positive definite binary form of even degree ⩾ 2, we

denote by

O(𝐹 ) ≔
{
(𝑥,𝑦) ∈ ℝ2 | 𝐹 (𝑥,𝑦) ⩽ 1

}
its fundamental domain. It is a compact subset of the Euclidean plane, stable by any

homothety with ratio less or equal to 1, in absolute value. In particular, it is symmetrical

relatively to the origin of the plane.

The sequence of binary cyclotomic forms Φ𝑚 (𝑋,𝑌 ) ∈ ℤ[𝑋,𝑌 ], 𝑚 ⩾ 1, is defined by

induction using the formula

𝑋𝑚 − 𝑌𝑚 =
∏
𝑑 |𝑚

Φ𝑑 (𝑋,𝑌 ).
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The sequence of cyclotomic polynomials is denoted by 𝜙𝑚 (𝑇 ) = Φ𝑚 (𝑇, 1) ∈ ℤ[𝑇 ],
𝑚 ⩾ 1. The degree of Φ𝑚 is 𝜑 (𝑚), where 𝜑 is Euler’s totient function. For 𝑚 ⩾ 3, the

binary form Φ𝑚 (𝑋,𝑌 ) is positive definite and we denote by O𝑚 its fundamental domain

O(Φ𝑚). Our first goal is to prove:

Theorem 1.1. For 𝑚 = 𝑝 or 2𝑝 with 𝑝 an odd prime, and for 𝑚 = 2
𝑘 with 𝑘 ⩾ 2, the

domain O𝑚 is convex. For all other values of𝑚 ⩾ 3, the domain O𝑚 is not convex.

It follows that, for a density-1 set of 𝑚 ⩾ 3, the domain O𝑚 is not convex. As

𝑁 → ∞, we have

#

{
3 ⩽ 𝑚 ⩽ 𝑁 | O𝑚 is convex

}
=

(
3

2

+ 𝑜 (1)
)

𝑁

log𝑁
,

which is a direct consequence of the prime number theorem.

2 Auxiliary results
The following values of the cyclotomic polynomials at 0, 1 and −1 are easy to check;

see [6, Section 1, Equations (6) and (7)], [3, Section 4], and [5, Lemmas 2.2 and 2.3].

Lemma 2.1. Denote by 𝜔 (𝑚) the number of distinct prime divisors of a positive integer𝑚.
We have 𝜙1 (0) = −1, 𝜙𝑚 (0) = 1 for𝑚 ⩾ 2,

𝜙𝑚 (1) =


0 if𝑚 = 1,
𝑝 if𝑚 = 𝑝𝑘 (𝑘 ⩾ 1, 𝑝 prime),
1 if 𝜔 (𝑚) ⩾ 2,

and

𝜙𝑚 (−1) =

−2 if𝑚 = 1,
𝑝 if𝑚 = 2𝑝𝑘 (𝑘 ⩾ 1, 𝑝 prime),
1 otherwise.

Recall the general formula

𝜙𝑚 (𝑡) = 𝜙𝑞 (𝑡𝑚/𝑞), (2.1)

when 𝑞 is the radical of𝑚 (i.e. the product of all primes dividing𝑚).

We will also use the following consequence of the Brunn–Hadamard criterion; see [1,

Theorem 2.3] and [2, Section 2.3, Theorem 2.10, page 32]. It links the convexity of the

function 𝐹 to its Hessian.

Lemma 2.2. Let 𝐹 : ℝ2 → ℝ be a C2-function. Then 𝐹 is convex if and only if the Hessian
matrix of 𝐹 is positive semi-definite. This condition is equivalent to the three inequalities

𝐹 ′′𝑥𝑥 (𝑥,𝑦) ⩾ 0

𝐹 ′′𝑦𝑦 (𝑥,𝑦) ⩾ 0

𝐹 ′′𝑥𝑥 (𝑥,𝑦)𝐹 ′′𝑦𝑦 (𝑥,𝑦) − 𝐹 ′′𝑥𝑦 (𝑥,𝑦)2 ⩾ 0,

for all (𝑥,𝑦) ∈ ℝ2.
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Let 𝐹 be a positive definite polynomial in ℝ[𝑋,𝑌 ]. If 𝐹 is convex, then O(𝐹 ) is

convex. The converse is true when 𝐹 is homogeneous [1, Theorem 5.1]. We deduce a

criterion for O(𝐹 ) to be convex in the particular case where 𝐹 is a form.

Lemma 2.3. Let 𝑛 be a positive even integer and 𝑓 ∈ ℝ[𝑡] a monic polynomial of degree 𝑛
without real root. Denote by 𝐹 (𝑋,𝑌 ) = 𝑌𝑛 𝑓 (𝑋/𝑌 ) the associated positive definite binary
form. Then O(𝐹 ) is convex if and only if, for all (𝑥,𝑦) ∈ O(𝐹 ), we have

𝐹 ′′𝑥𝑥 (𝑥,𝑦) ⩾ 0

𝐹 ′′𝑦𝑦 (𝑥,𝑦) ⩾ 0

𝐹 ′′𝑥𝑥 (𝑥,𝑦)𝐹 ′′𝑦𝑦 (𝑥,𝑦) ⩾ 𝐹 ′′𝑥𝑦 (𝑥,𝑦)2.

(2.2)

Remark 2.4. If the condition (2.2) is satisfied for all (𝑥,𝑦) with 𝐹 (𝑥,𝑦) = 1, then by

homogeneity it is satisfied for all (𝑥,𝑦) ∈ ℝ2
.

Remark 2.5. Since 𝐹 is a form with even degree, the fundamental domain O(𝐹 ) is

symmetrical with respect to the origin. If furthermore the polynomial 𝑓 is reciprocal (as

the 𝜙𝑛), O(𝐹 ) is symmetrical with respect to the line {(𝑥,𝑦) | 𝑦 = 𝑥}. This observation

leads one to consider the intersection O(𝐹 ) ∩ Q where Q is the quarter of the plane

defined by

Q =
{
(𝑥,𝑦) ∈ ℝ2 | |𝑦 | ⩽ 𝑥

}
. (2.3)

We now assume that the hypotheses of Lemma 2.3 are satisfied and that the polyno-

mial 𝑓 is reciprocal.

For −1 < 𝑡 < 1 we set 𝑥 (𝑡) = 𝑓 (𝑡)−1/𝑛
, so that 𝐹

(
𝑥 (𝑡), 𝑡𝑥 (𝑡)

)
= 1 for −1 < 𝑡 < 1.

The function 𝑡 ↦→
(
𝑥 (𝑡), 𝑡𝑥 (𝑡)

)
parametrizes the intersection of Q with the boundary of

the fundamental domain of O(𝐹 ).
From 𝐹 (𝑋,𝑌 ) = 𝑋𝑛 𝑓 (𝑌/𝑋 ) = 𝑌𝑛 𝑓 (𝑋/𝑌 ) we deduce

𝐹 ′𝑥 (𝑥,𝑦) = 𝑦𝑛−1 𝑓 ′ (𝑥/𝑦), 𝐹 ′′𝑥𝑥 (𝑥,𝑦) = 𝑦𝑛−2 𝑓 ′′ (𝑥/𝑦),
𝐹 ′𝑦 (𝑥,𝑦) = 𝑥𝑛−1 𝑓 ′ (𝑦/𝑥), 𝐹 ′′𝑦𝑦 (𝑥,𝑦) = 𝑥𝑛−2 𝑓 ′′ (𝑦/𝑥).

When 𝑔 is a polynomial of degree 𝑑 , let us denote by 𝑔 the polynomial 𝑡𝑑𝑔(1/𝑡). Since 𝑓

is reciprocal, we have 𝑓 = 𝑓 . In general 𝑓 ′ is not reciprocal and 𝑓 ′ ≠ ˜𝑓 ′
. However

𝑓 ′
′
= (d/d𝑡) 𝑓 ′ (𝑡) is reciprocal with degree 𝑛 − 2; indeed from

𝐹 ′𝑥 (𝑥,𝑦) = 𝑦𝑛−1 𝑓 ′ (𝑥/𝑦) = 𝑥𝑛−1 𝑓 ′ (𝑦/𝑥) and 𝐹 ′𝑦 (𝑥,𝑦) = 𝑥𝑛−1 𝑓 ′ (𝑦/𝑥) = 𝑦𝑛−1 𝑓 ′ (𝑥/𝑦)

we deduce

𝑥𝑛−2 𝑓 ′
′ (𝑦/𝑥) = 𝐹 ′′𝑥𝑦 (𝑥,𝑦) = 𝐹 ′′𝑦𝑥 (𝑥,𝑦) = 𝑦𝑛−2 𝑓 ′

′ (𝑥/𝑦).
With 𝑥 = 𝑥 (𝑡), 𝑦 = 𝑦 (𝑡) = 𝑡𝑥 (𝑡), we have

𝐹 ′𝑥 (𝑥,𝑦) = 𝑦𝑛−1 𝑓 ′ (1/𝑡) = 𝑥𝑛−1 𝑓 ′ (𝑡), 𝐹 ′′𝑥𝑥 (𝑥,𝑦) = 𝑦𝑛−2 𝑓 ′′ (1/𝑡) = 𝑥𝑛−2 𝑓 ′′ (𝑡),
𝐹 ′𝑦 (𝑥,𝑦) = 𝑥𝑛−1 𝑓 ′ (𝑡), 𝐹 ′′𝑦𝑦 (𝑥,𝑦) = 𝑥𝑛−2 𝑓 ′′ (𝑡),

𝐹 ′′𝑥𝑦 (𝑥,𝑦) = 𝑦𝑛−2 𝑓 ′
′ (𝑥/𝑦) = 𝑥𝑛−2 𝑓 ′

′ (𝑦/𝑥).
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Therefore, thanks to Remark 2.4 and to the symmetry, the convexity conditions (2.2)

can be written in an equivalent way as
𝑓 ′′ (𝑡) ⩾ 0

𝑓 ′′ (𝑡) ⩾ 0

𝑓 ′′ (𝑡) 𝑓 ′′ (𝑡) ⩾ 𝑓 ′
′ (𝑡)2

for −1 < 𝑡 < 1. (2.4)

Under the assumptions of Lemma 2.3, assuming that 𝑓 is reciprocal and 𝑛 ⩾ 4, let ℎ,

if it exists, be the order of the first derivative of 𝑓 of order ⩾ 2 and ⩽ 𝑛/2, which does

not vanish at 0. Recall that 𝑓 is monic and reciprocal. If ℎ exists, 𝑓 (𝑡) has the shape

𝑓 (𝑡) = 1 + 𝑎1𝑡 + 𝑎ℎ𝑡
ℎ + · · · + 𝑎ℎ𝑡

𝑛−ℎ + 𝑎1𝑡
𝑛−1 + 𝑡𝑛 (2.5)

with 2 ⩽ ℎ ⩽ 𝑛/2 and 𝑎ℎ ≠ 0. If ℎ does not exist, 𝑓 (𝑡) has the shape

𝑓 (𝑡) = 1 + 𝑎1𝑡 + 𝑎1𝑡
𝑛−1 + 𝑡𝑛 . (2.6)

We say that O(𝐹 ) is convex at the point (0, 1) if there exists 𝑟 > 0 such that the intersection

of O(𝐹 ) with the disc of center (0, 1) and radius 𝑟 is convex. If there exists 𝜀 > 0 such

that the three inequalities of (2.4) hold for all 𝑡 in the smaller interval −𝜀 < 𝑡 < 𝜀, then

O(𝐹 ) is convex at the point (0, 1).
In the opposite direction: if for every 𝜀 > 0, there exists −𝜀 < 𝑡 < 𝜀, such that at least

one the following inequalities holds: 𝑓 ′′ (𝑡) < 0, 𝑓 ′′ (𝑡) < 0, and 𝑓 ′′ (𝑡) 𝑓 ′′ (𝑡) < 𝑓 ′
′ (𝑡)2

;

then O(𝐹 ) is not convex at the point (0, 1).
Based on these observations, we will prove:

Theorem 2.6. Let 𝐹 be the binary form corresponding to a polynomial 𝑓 with even degree
𝑛 ⩾ 4, without real root, monic and reciprocal, written as in (2.5) or (2.6) .

• Suppose that 𝑎1 ≠ 0. Then the fundamental domain O(𝐹 ) is

– convex at the point (0, 1) if 𝑎2 >
𝑛 − 1

2𝑛
𝑎2

1
,

– not convex at the point (0, 1) if 𝑎2 <
𝑛 − 1

2𝑛
𝑎2

1
.

• Suppose that 𝑎1 = 0, and that ℎ exists. Then the fundamental domain O(𝐹 ) is

– convex at the point (0, 1) if ℎ is even and 𝑎ℎ > 0,

– not convex at the point (0, 1) if ℎ is odd or if 𝑎ℎ < 0.

• Suppose that 𝑎1 = 0 and that ℎ does not exist. Then the fundamental domain O(𝐹 )
is convex.
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Proof. From (2.5) we deduce the equalities

𝑓 ′ (𝑡) = 𝑎1 + ℎ𝑎ℎ𝑡
ℎ−1 + · · · + (𝑛 − ℎ)𝑎ℎ𝑡𝑛−ℎ−1 + (𝑛 − 1)𝑎1𝑡

𝑛−2 + 𝑛𝑡𝑛−1

𝑓 ′′ (𝑡) = ℎ(ℎ − 1)𝑎ℎ𝑡ℎ−2 + · · · + 𝑖 (𝑖 − 1)𝑎𝑖𝑡𝑖−2 + · · ·
+ (𝑛 − ℎ) (𝑛 − ℎ − 1)𝑎ℎ𝑡𝑛−ℎ−2 + (𝑛 − 1) (𝑛 − 2)𝑎1𝑡

𝑛−3 + 𝑛(𝑛 − 1)𝑡𝑛−2,

𝑓 ′ (𝑡) = 𝑛 + (𝑛 − 1)𝑎1𝑡 + (𝑛 − ℎ)𝑎ℎ𝑡ℎ + · · · + ℎ𝑎ℎ𝑡
𝑛−ℎ−1 + 𝑎1𝑡

𝑛−1,

𝑓 ′′ (𝑡) = 𝑛(𝑛 − 1) + (𝑛 − 1) (𝑛 − 2)𝑎1𝑡 + (𝑛 − ℎ) (𝑛 − ℎ − 1)𝑎ℎ𝑡ℎ + · · · + ℎ(ℎ − 1)𝑎ℎ𝑡𝑛−2,

𝑓 ′
′ (𝑡) = (𝑛 − 1)𝑎1 + ℎ(𝑛 − ℎ)𝑎ℎ𝑡ℎ−1 + · · · + ℎ(𝑛 − ℎ − 1)𝑎ℎ𝑡𝑛−ℎ−2 + (𝑛 − 1)𝑎1𝑡

𝑛−2.

Notice that we have 𝑓 ′′ (𝑡) > 0 in the vicinity of 𝑡 = 0. We have 𝑓 ′′ (𝑡) ⩾ 0 in the vicinity

of 𝑡 = 0 if and only if 𝑎ℎ > 0 and ℎ even.

• When 𝑎1 ≠ 0, we have the following expansions as 𝑡 tends to zero

𝑓 ′′ (𝑡) 𝑓 ′′ (𝑡) = ℎ𝑛(ℎ − 1) (𝑛 − 1)𝑎ℎ𝑡ℎ−2 +𝑂 (𝑡ℎ−1), (2.7)

and [
𝑓 ′

′ (𝑡)
]

2

= (𝑛 − 1)2𝑎2

1
+𝑂 (𝑡). (2.8)

The conditions (2.4) are satisfied for sufficiently small 𝑡 , when ℎ = 2 and 𝑎2 >
𝑛−1

2𝑛
𝑎2

1
. For ℎ ⩾ 3 (so 𝑎2 = 0) or for 𝑎2 < 𝑛−1

2𝑛
𝑎2

1
, this condition is not satisfied and

O(𝐹 ) is not convex at the point (0, 1).

• When 𝑎1 = 0 and ℎ exists, we replace (2.8) by the following expansion[
𝑓 ′

′ (𝑡)
]

2

= ℎ2 (𝑛 − ℎ)2𝑎2

ℎ
𝑡2ℎ−2 +𝑂 (𝑡2ℎ−1).

Comparing with (2.7) we see that (2.4) is satisfied for any sufficiently small 𝑡 , if

and only if ℎ is even and 𝑎ℎ > 0. Recall that 𝑎ℎ ≠ 0 by definition.

• When 𝑎1 = 0 andℎ does not exist, the form 𝐹 has the shape 𝐹 (𝑋,𝑌 ) = 𝑋𝑛+𝑌𝑛
with

even 𝑛. It is well known that O(𝐹 ) is convex. A proof of this fact is recovered from

Lemma 2.3 since 𝑛 is even and since 𝐹 ′′𝑥𝑦 (𝑥,𝑦) = 0 while 𝐹 ′′𝑥𝑥 (𝑥,𝑦) and 𝐹 ′′𝑦𝑦 (𝑥,𝑦)
are ⩾ 0.

Another proof of the convexity of the fundamental domain of 𝐹 (𝑋,𝑌 ) = 𝑋𝑛 +𝑌𝑛
for

even 𝑛 ⩾ 2 is as follows. The boundary of O(𝐹 ) in the quadrant {(𝑥,𝑦) | 𝑥 ⩾ 0, 𝑦 ⩾ 0}
is given by the function 𝑥 ∈ [0, 1] ↦→ (𝑥,𝑦 (𝑥)) with

𝑦 (𝑥) = (1 − 𝑥𝑛)1/𝑛 .

A direct computation gives the equality

𝑦′′ = −(𝑛 − 1)𝑥𝑛−2 (1 − 𝑥𝑛) (1/𝑛)−2,

which is negative for 0 < 𝑥 < 1. Hence O(𝐹 ) is convex. □

Remark 2.7. Theorem 2.6 gives no information when 𝑎1 ≠ 0 and 𝑎2 = (𝑛 − 1)𝑎2

1
/(2𝑛).

A precise study of this case requires hypotheses on the coefficients 𝑎𝑡 with 𝑡 ⩾ ℎ + 1.
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3 Proof of convexity in Theorem 1.1
As mentioned in Remark 2.5 it is sufficient to check the inequalities of (2.2) for

(𝑥,𝑦) ∈ O𝑚 ∩ Q to obtain the convexity of O𝑚 .

We begin by the case 𝑛 = 2
𝑎

with 𝑎 ⩾ 2. We have

Φ2
𝑎 (𝑋,𝑌 ) = 𝑋 2

𝑎−1 + 𝑌 2
𝑎−1

.

The convexity of O2
𝑎 and, more generally, of the fundamental domain of the binary

form 𝐹 (𝑋,𝑌 ) = 𝑋𝑛 + 𝑌𝑛
when 𝑛 is even, is a consequence of Theorem 2.6 (when 𝑎1 = 1

and ℎ does not exist).

When𝑚 = 2𝑚′
with𝑚′

odd we have

Φ2𝑚′ (𝑋,𝑌 ) = Φ𝑚′ (𝑋,−𝑌 ). (3.1)

Therefore the convexity part of Theorem 1.1 follows from the next result with𝑚 = 𝑝 .

Lemma 3.1. Let 𝑚 ⩾ 2 be an odd integer. Then the fundamental domain of the binary
form

𝐹 (𝑋,𝑌 ) = 𝑋𝑚−1 + 𝑋𝑚−2𝑌 + · · · + 𝑋𝑌𝑚−2 + 𝑌𝑚−1 =
𝑋𝑚 − 𝑌𝑚

𝑋 − 𝑌
,

namely
O(𝐹 ) =

{
(𝑥,𝑦) ∈ ℝ2 | |𝑥𝑚 − 𝑦𝑚 | ⩽ |𝑥 − 𝑦 |

}
,

is convex.

Proof. The idea behind the following proof was suggested by AI. Let (𝑥,𝑦) ∈ ℝ2
satisfy

|𝐹 (𝑥,𝑦) | ⩽ 1. For 0 ⩽ 𝑠 ⩽ 1 define the linear function 𝐿(𝑠) = 𝑠𝑥+ (1−𝑠)𝑦. The derivative

of 𝐿(𝑠)𝑚 is𝑚(𝑥 − 𝑦)𝐿(𝑠)𝑚−1
. Hence

𝐹 (𝑥,𝑦) =𝑚

∫
1

0

𝐿(𝑠)𝑚−1
d𝑠 .

We deduce

𝐹 ′′𝑥𝑥 (𝑥,𝑦) =𝑚(𝑚 − 1) (𝑚 − 2)
∫

1

0

𝑠2𝐿(𝑠)𝑚−3
d𝑠,

𝐹 ′′𝑥𝑦 (𝑥,𝑦) =𝑚(𝑚 − 1) (𝑚 − 2)
∫

1

0

𝑠 (1 − 𝑠)𝐿(𝑠)𝑚−3
d𝑠,

𝐹 ′′𝑦𝑦 (𝑥,𝑦) =𝑚(𝑚 − 1) (𝑚 − 2)
∫

1

0

(1 − 𝑠)2𝐿(𝑠)𝑚−3
d𝑠 .

As a consequence, for 𝑡 ∈ ℝ, we have

𝐹 ′′𝑥𝑥 (𝑥,𝑦)𝑡2 + 2𝐹 ′′𝑥𝑦 (𝑥,𝑦)𝑡 + 𝐹 ′′𝑦𝑦 (𝑥,𝑦) =𝑚(𝑚 − 1) (𝑚 − 2)
∫

1

0

(𝑠𝑡 + 1 − 𝑠)2𝐿(𝑠)𝑚−3
d𝑠,

which is ⩾ 0. Therefore the above quadratic form in 𝑡 is positive definite. We deduce

that condition (2.2) holds and Lemma 2.3 can be applied. □
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4 Proof of the non-convexity in Theorem 1.1
Let𝑚 ⩾ 3 be an integer not of the form𝑚 = 𝑝 , 2𝑝 nor𝑚 = 2

𝑘
with 𝑝 an odd prime

and 𝑘 ⩾ 2. Then𝑚 satisfies one of the following conditions:

1. 𝑚 has at least two different odd prime divisors,

2. 𝑚 = 𝑝ℓ with 𝑝 an odd prime and ℓ ⩾ 2,

3. 𝑚 = 2
𝑎𝑝ℓ with 𝑝 an odd prime, 𝑎 ⩾ 1, ℓ ⩾ 1 and (𝑎, ℓ) ≠ (1, 1).

In case (1) one deduces from Lemma 2.1

Φ𝑚 (0, 1) = Φ𝑚 (1, 1) = Φ𝑚 (−1, 1) = 1,

hence the line 𝑦 = 1 has three points of intersection with the boundary of O𝑚 , and

therefore O𝑚 is not convex.

The same is true in case (3) when 𝑎 ⩾ 2.

The case (3) with 𝑎 = 1 reduces to case (2), as shown by equation (3.1).

It remains to show that in case (2) the set O𝑚 is not convex. Let𝑚 = 𝑝ℓ with 𝑝 an

odd prime and ℓ ⩾ 2. From formula (2.1) we deduce

𝜙𝑚 (𝑡) = 𝜙𝑝ℓ (𝑡) = 𝜙𝑝 (𝑡𝑝
ℓ−1 ) = 1 + 𝑡𝑝

ℓ−1 + 𝑡2𝑝ℓ−1 + · · · + 𝑡 (𝑝−1)𝑝ℓ−1

,

and the first non-zero derivative or order ⩾ 2 at 0 of 𝜙𝑚 has an odd order, precisely

𝑝ℓ−1
. Therefore, near 𝑡 = 0, we have 𝜙 ′′

𝑚 (𝑡) > 0 for 𝑡 > 0, 𝜙 ′′
𝑚 (𝑡) < 0 for 𝑡 < 0, hence the

curve Φ𝑚 (𝑥,𝑦) = 1 has an inflexion point at (0, 1), and therefore O𝑚 is not convex at

this point.

We may also remark that the convexity condition (2.4) is not satisfied since, near

𝑡 = 0, we have 𝜙 ′′
𝑚 (𝑡) < 0 for 𝑡 < 0 while 𝜙 ′′

𝑚 (0) = 𝜑 (𝑚) (𝜑 (𝑚) − 1) > 0.

This completes the proof of Theorem 1.1.

Remark 4.1. Using formula (2.1) we obtain for 𝑝 an odd prime, 𝑎 ⩾ 2 and ℓ ⩾ 1 the

equalities

𝜙
2
𝑎𝑝ℓ (𝑡) = 𝜙2𝑝 (𝑡2

𝑎−1𝑝ℓ−1 ) = 𝜙𝑝 (−𝑡2
𝑎−1𝑝ℓ−1 ) = 1 − 𝑡2

𝑎−1𝑝ℓ−1 +𝑂 (𝑡4𝑝ℓ−1 ),

as 𝑡 tends to zero. Theorem 2.6 (with 𝑎1 = 0, ℎ even and 𝑎ℎ negative) shows that O
2
𝑎𝑝ℓ

is not convex at (0, 1). This gives another proof of the non-convexity of O
2
𝑎𝑝ℓ for 𝑎 ⩾ 2.

We deduce that, if O𝑚 is not convex but is convex at (0, 1), then 𝑚 has at least two

different odd prime divisors.

Also, for 𝑝1 and 𝑝2 two odd primes, we have, near 𝑡 = 0,

𝜙𝑝1𝑝2
(𝑡) =

𝜙𝑝1
(𝑡𝑝2 )

𝜙𝑝1
(𝑡) = 1 − 𝑡 +𝑂 (𝑡3),

hence Theorem 2.6 (with 𝑎1 = −1, 𝑎2 = 0) shows that O𝑝1𝑝2
is not convex at (0, 1).
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On the other hand, since 105 is the product of three odd primes, O105 is not convex

by Theorem 1.1. However it is convex at (0, 1), since we have

𝜙105 (𝑡) = 1 + 𝑡 + 𝑡2 − 𝑡5 − 𝑡6 − 2𝑡7 − 𝑡8 − 𝑡9 + 𝑡12 + 𝑡13 + 𝑡14 + 𝑡15 + 𝑡16

+ 𝑡17 − 𝑡20 − 𝑡22 − 𝑡24 − 𝑡26 − 𝑡28 + 𝑡31 + 𝑡32 + 𝑡33 + 𝑡34 + 𝑡35

+ 𝑡36 − 𝑡39 − 𝑡40 − 2𝑡41 − 𝑡42 − 𝑡43 + 𝑡46 + 𝑡47 + 𝑡48

which allows to apply Theorem 2.6 with 𝑎1 = 1, 𝑎ℎ = 𝑎2 = 1, and𝑚 = 48. More generally,

Theorem 5.3 below with 𝑠1 = 1, 𝑠2 = 𝑠3 = 0 shows that, when𝑚 is odd with 𝜇 (𝑚) = −1,

then O𝑚 is convex at (0, 1). The same is true when𝑚 is even with 𝜇 (𝑚) = 1.

5 Multicyclotomy
A natural question is to control the convexity of the fundamental domain O(𝐹1 · 𝐹2)

when 𝐹1 and 𝐹2 are two definite not proportional binary forms. This program is very

ambitious : the convexity (or not) of O(𝐹1) and of O(𝐹2) has no obvious link with the

convexity (or not) of O(𝐹1 · 𝐹2). For instance O(100𝑥2 +𝑦2) and O(𝑥2 + 100𝑦2) are both

convex; however O((100𝑥2 + 𝑦2) (𝑥2 + 100𝑦2)) is not convex.

In [4], we defined the set of multicyclotomic binary forms

Φm (𝑋,𝑌 ) = Φ𝑚1
(𝑋,𝑌 )Φ𝑚2

(𝑋,𝑌 ) · · ·Φ𝑚𝑠
(𝑋,𝑌 ),

where m = (𝑚1, . . . ,𝑚𝑠 ) with 𝑠 ⩾ 1 and 1 ⩽ 𝑚1 < · · · < 𝑚𝑠 . Such a form is totally

positive if and only if𝑚1 ⩾ 3.

Question. For which compositions m with 𝑠 ⩾ 1 and𝑚1 ⩾ 3 is the set

Om ≔
{
(𝑥,𝑦) ∈ ℝ2 | |Φm (𝑥,𝑦) | ⩽ 1

}
convex?

Theorem 1.1 completely answers to this question when 𝑠 = 1.

5.1 A first example of non convexity
Let m = (𝑚1, . . . ,𝑚𝑠 ) with 𝑠 ⩾ 1 and 3 ⩽ 𝑚1 < · · · < 𝑚𝑠 . Assume that, for 1 ⩽ 𝑖 ⩽ 𝑠 ,

we have

• either 𝜔 (𝑚𝑖 ) ⩾ 2 and𝑚𝑖 . 2 (mod 4)

• or 2∥𝑚𝑖 and 𝜔 (𝑚𝑖/2) ⩾ 2.

Then from Lemma 2.1 we deduce

Φm (0, 1) = Φm (1, 1) = Φm (−1, 1) = 1,

hence Om is not convex.
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5.2 Bicyclotomy with powers of 2
We consider the case 𝑘 = 2, m = (𝑚1,𝑚2) with𝑚1 and𝑚2 powers of 2. The case of

bicyclotomy seems hard to be treated in full generality. So we are only concerned with

the convexity of the fundamental domain O
2
𝑎,2𝑏 with 𝑏 > 𝑎.

We have:

Theorem 5.1. Let 𝑎 > 𝑏 ⩾ 2 be two powers of 2 and let 𝐹𝑎,𝑏 (𝑋,𝑌 ) be the positive binary
symmetrical form

𝐹𝑎,𝑏 (𝑋,𝑌 ) = (𝑋𝑎 + 𝑌𝑎) (𝑋𝑏 + 𝑌𝑏) = Φ2𝑎 (𝑋,𝑌 )Φ2𝑏 (𝑋,𝑌 ).

Then the corresponding fundamental domain O(𝐹𝑎,𝑏) is convex.

Proof. To shorten notations, write 𝐹 = 𝐹𝑎,𝑏 . We have the equalities

𝐹 = 𝑋𝑎+𝑏 + 𝑋𝑎𝑌𝑏 + 𝑋𝑏𝑌𝑎 + 𝑌𝑎+𝑏,

𝐹 ′𝑥 = (𝑎 + 𝑏)𝑋𝑎+𝑏−1 + 𝑎𝑋𝑎−1𝑌𝑏 + 𝑏𝑋𝑏−1𝑌𝑎,

𝐹 ′𝑦 = 𝑏𝑋𝑎𝑌𝑏−1 + 𝑎𝑋𝑏𝑌𝑎−1 + (𝑎 + 𝑏)𝑌𝑎+𝑏−1,

𝐹 ′′𝑥𝑥 = (𝑎 + 𝑏) (𝑎 + 𝑏 − 1)𝑋𝑎+𝑏−2 + 𝑎(𝑎 − 1)𝑋𝑎−2𝑌𝑏 + 𝑏 (𝑏 − 1)𝑋𝑏−2𝑌𝑎,

𝐹 ′′𝑦𝑦 = 𝑏 (𝑏 − 1)𝑋𝑎𝑌𝑏−2 + 𝑎(𝑎 − 1)𝑋𝑏𝑌𝑎−2 + (𝑎 + 𝑏) (𝑎 + 𝑏 − 1)𝑌𝑎+𝑏−2,

𝐹 ′′𝑥,𝑦 = 𝑎𝑏𝑋𝑎−1𝑌𝑏−1 + 𝑎𝑏𝑋𝑏−1𝑌𝑎−1 .

The formula for the Hessian 𝐻 (𝑥,𝑦) of 𝐻 is

𝐻 (𝑋,𝑌 ) = 𝐹 ′′𝑥𝑥𝐹
′′
𝑦𝑦 − (𝐹 ′′𝑥𝑦)2 = 𝑏 (𝑏 − 1) (𝑎 + 𝑏) (𝑎 + 𝑏 − 1)𝑋 2𝑎+𝑏−2𝑌𝑏−2

− 𝑎𝑏 (𝑎 + 𝑏 − 1)𝑋 2𝑎−2𝑌 2𝑏−2

+ 𝑎(𝑎 − 1) (𝑎 + 𝑏) (𝑎 + 𝑏 − 1)𝑋𝑎+2𝑏−2𝑌𝑎−2

+ 2(𝑎 + 𝑏 − 1) ((𝑎2 + 𝑏2) (𝑎 + 𝑏 − 1) − 𝑎𝑏)𝑋𝑎+𝑏−2𝑌𝑎+𝑏−2

+ 𝑎(𝑎 − 1) (𝑎 + 𝑏) (𝑎 + 𝑏 − 1)𝑋𝑎−2𝑌𝑎+2𝑏−2

− 𝑎𝑏 (𝑎 + 𝑏 − 1)𝑋 2𝑏−2𝑌 2𝑎−2

+ 𝑏 (𝑏 − 1) (𝑎 + 𝑏) (𝑎 + 𝑏 − 1)𝑋𝑏−2𝑌 2𝑎+𝑏−2

=𝐴 − 𝐵 +𝐶 + 𝐷 + 𝐸 −𝐺 + 𝐽 ,

by definition. We must prove that for all (𝑥,𝑦) ∈ ℝ2
one has

𝐻 (𝑥,𝑦) ⩾ 0. (5.1)

By symmetry, we may restrict to the case |𝑦 | ⩽ 𝑥 (see the definition of Q in (2.3)). Firstly

we study sufficient conditions (on 𝑎 and 𝑏) to ensure the inequality

𝐴(𝑥,𝑦) ⩾ 𝐵(𝑥,𝑦) +𝐺 (𝑥,𝑦), (5.2)
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for every 𝑥 and 𝑦. Indeed we have, for every 𝑥 and 𝑦 and every powers of 2, 𝑎 > 𝑏 ⩾ 2,

the inequalities

𝑥2𝑎+𝑏−2𝑦𝑏−2 ⩾ 𝑥2𝑎−2𝑦2𝑏−2, (5.3)

and

𝑥2𝑎+𝑏−2𝑦𝑏−2 ⩾ 𝑥2𝑏−2𝑦2𝑎−2 . (5.4)

We now study the coefficient 𝐴(1, 1) − (𝐵(1, 1) +𝐺 (1, 1)). It has the value

𝑏 (𝑏 − 1) (𝑎 + 𝑏) (𝑎 + 𝑏 − 1) − (𝑎𝑏 (𝑎 + 𝑏 − 1) + 𝑎𝑏 (𝑎 + 𝑏 − 1))
= 𝑏 (𝑎 + 𝑏 − 1) ((𝑏 − 1) (𝑎 + 𝑏) − 2𝑎) ⩾ 0, (5.5)

if we suppose that 𝑏 ⩾ 4. Combining (5.3), (5.4), and (5.5), we proved (5.2). By positivity,

we proved (5.1) under the restriction 𝑏 ⩾ 4.

We now suppose that 𝑏 = 2. Notice that we have 𝑎 ⩾ 4. By the above calculations,

we already know that

𝐴(𝑥,𝑦) ⩾ 𝐵(𝑥,𝑦). (5.6)

We take into account the term 𝐸 (𝑥,𝑦) in order to prove that

𝐸 (𝑥,𝑦) ⩾ 𝐺 (𝑥,𝑦). (5.7)

We notice that we have

𝑥𝑎−2𝑦𝑎+2𝑏−2 ⩾ 𝑥2𝑏−2𝑦2𝑎−2
(5.8)

for 𝑥 ⩾ 𝑦, 𝑎 ⩾ 4 and 𝑏 = 2. Secondly, under the same conditions, we also have the

inequality

𝑎(𝑎 − 1) (𝑎 + 𝑏) (𝑎 + 𝑏 − 1) ⩾ 𝑎𝑏 (𝑎 + 𝑏 − 1) ⩾ 0. (5.9)

Combining (5.8) and (5.9), we deduce (5.7). By positivity and by (5.6) we deduce that

𝐻 (𝑥,𝑦) ⩾ (𝐴(𝑥,𝑦) − 𝐵(𝑥,𝑦)) + (𝐸 (𝑥,𝑦) −𝐺 (𝑥,𝑦)) ⩾ 0.

The proof of (5.1) is complete. This ends the proof of Theorem 5.1. □

5.3 Convexity at the point (0, 1)
Recall some values of the first coefficients of the cyclotomic polynomials [5, (4.3)].

Lemma 5.2. Let𝑚 ⩾ 2 and 𝜙𝑚 (𝑡) be the cyclotomic polynomial, written as

𝜙𝑚 (𝑡) = 1 + 𝜈1𝑡 + 𝜈2𝑡
2 +𝑂 (𝑡3)

in the vicinity of 𝑡 = 0. We then have

𝜈1 = −𝜇 (𝑚),

and

𝜈2 =

{
[𝜇2 (𝑚) − 𝜇 (𝑚)]/2 if𝑚 is odd,
[𝜇2 (𝑚) − 𝜇 (𝑚)]/2 − 𝜇 (𝑚/2) if𝑚 is even.
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In other terms, for𝑚 odd ⩾ 3, we have

𝜙𝑚 (𝑡) =


1 + 𝑡 + 𝑡2 +𝑂 (𝑡3) if 𝜇 (𝑚) = −1,

1 − 𝑡 +𝑂 (𝑡3) if 𝜇 (𝑚) = 1,

1 +𝑂 (𝑡3) if 𝜇 (𝑚) = 0

while for𝑚 even ⩾ 4, we have

𝜙𝑚 (𝑡) =


1 + 𝑡 +𝑂 (𝑡3) if 𝜇 (𝑚) = −1,

1 − 𝑡 + 𝑡2 +𝑂 (𝑡3) if 𝜇 (𝑚) = 1,

1 − 𝜇 (𝑚/2)𝑡2 +𝑂 (𝑡3) if 𝜇 (𝑚) = 0.

Notice that, if𝑚 is odd ⩾ 3, then 𝜙2𝑚 (𝑡) = 𝜙𝑚 (−𝑡) and 𝜇 (2𝑚) = −𝜇 (𝑚).
Combining Theorem 2.6 with Lemma 5.2 we obtain the following:

Theorem 5.3.

1. Let 𝑠1, 𝑠2, 𝑠3 be non negative integers, 𝑠 = 𝑠1 + 𝑠2 + 𝑠3 and 𝑚1, . . . ,𝑚𝑠 distinct odd
integers ⩾ 3 satisfying

𝑠1 = #{𝑖 | 1 ⩽ 𝑖 ⩽ 𝑠, 𝜇 (𝑚𝑖 ) = −1},
𝑠2 = #{𝑖 | 1 ⩽ 𝑖 ⩽ 𝑠, 𝜇 (𝑚𝑖 ) = 1},
𝑠3 = #{𝑖 | 1 ⩽ 𝑖 ⩽ 𝑠, 𝜇 (𝑚𝑖 ) = 0}.

Assume 𝑠1 > 𝑠2. Then the fundamental domain O(Φ𝑚1
· · ·Φ𝑚𝑠

) is convex at the
point (0, 1).

2. Let 𝑝1, . . . , 𝑝𝑠 be distinct odd primes and 𝑘1, . . . , 𝑘𝑠 integers, all of them ⩾ 2. Set
𝑞𝑖 = 𝑝

𝑘𝑖
𝑖

(1 ⩽ 𝑖 ⩽ 𝑠). Then the fundamental domain O(Φ𝑞1
· · ·Φ𝑞𝑠 ) is not convex at

the point (0, 1), hence is not convex.

For instance from the first item with 𝑠2 = 0 we deduce that if 𝑝1 < 𝑝2 < · · · < 𝑝𝑠
are distinct odd primes and 𝑘1, . . . , 𝑘𝑠 are positive integers with one at least of them

equal to 1, if we write 𝑞𝑖 = 𝑝
𝑘𝑖
𝑖

(1 ⩽ 𝑖 ⩽ 𝑠), then the fundamental domain O(Φ𝑞1
· · ·Φ𝑞𝑠 )

is convex at the point (0, 1). Item 2 shows that the assumption min{𝑘1, . . . , 𝑘𝑠 } ⩾ 2 is

necessary.

Proof. 1. Let 𝑓 ≔ 𝜙𝑚1
· · ·𝜙𝑚𝑠

. According to Lemma 5.2 we have

𝑓 (𝑡) = (1 + 𝑡 + 𝑡2)𝑠1 (1 − 𝑡)𝑠2 +𝑂 (𝑡3)

= 1 + (𝑠1 − 𝑠2)𝑡 +
1

2

(𝑠1 (𝑠1 + 1) + 𝑠2 (𝑠1 − 1) − 2𝑠1𝑠2)𝑡2 +𝑂 (𝑡3)

= 1 + (𝑠1 − 𝑠2)𝑡 +
1

2

(𝑠1 − 𝑠2) (𝑠1 − 𝑠2 + 1)𝑡2 +𝑂 (𝑡3).

Since 𝑠1 > 𝑠2, we have

(𝑠1 − 𝑠2) (𝑠1 − 𝑠2 + 1)/2 > (𝑠1 − 𝑠2)2 (𝑛 − 1)/2𝑛.

Item 1 then follows from Theorem 2.6.
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2. From formula (2.1) we deduce that for 𝑝 an odd prime and 𝑘 ⩾ 2 we have

𝜙𝑝𝑘 (𝑡) = 1 + 𝑡𝑝
𝑘−1 +𝑂 (𝑡2𝑝𝑘−1 ).

Assume without loss of generality 𝑝
𝑘1−1

1
< · · · < 𝑝

𝑘𝑠−1

𝑠 . We deduce

𝜙𝑞1
(𝑡) · · ·𝜙𝑞𝑠 (𝑡) = 1 + 𝑡𝑝

𝑘
1
−1

1 +𝑂 (𝑡𝑝
𝑘

1
−1

1
+1)

and we apply Theorem 2.6 with 𝑎1 = 0 and the odd value of ℎ = 𝑝
𝑘1−1

1
. □

6 Illustrations
Figure 1 displays the fundamental domain O𝑚 : for 𝑚 ∈ {3, 7}, 𝑚 ∈ {6, 10}, and

𝑚 ∈ {4, 8}, the domain O𝑚 is convex; for𝑚 ∈ {15, 105},𝑚 ∈ {9, 25}, and𝑚 ∈ {12, 20},
the domain O𝑚 is not convex.

Recall Theorem 1.5 of [3]: when𝑚 is large,𝑚 > 𝑚0 (𝜀), the fundamental domain O𝑚

contains the square centered at the origin and side 2 −𝑚−1+𝜀
and is contained in the

square centered at the origin and side 2 +𝑚−1+𝜀
. In particular, for a very large𝑚, it is

difficult to guess only by looking at the picture whether O𝑚 is convex or not.

Figure 2 displays the fundamental domain O
2

3,24 , which is convex (Section 5.2).

Figure 3 displays the fundamental domain O3,5, which is convex near (0, 1) (Sec-

tion 5.3).
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Figure 1: The fundamental domain O𝑚 for various values of𝑚.
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Figure 2: The fundamental domain O
2

3,24 .

Figure 3: The fundamental domain O3,5.
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