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Abstract

We obtain a new family of relations satisfied by the partition function. In contrast
with most partition relations, these involve non-trivial roots of unity. We present
two proofs, one using the fact that the discriminant modular form is a multiplicative
Hecke eigenform, and one direct proof using g-series.
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1 Introduction

For a positive integer n, we let p(n) denote the number of partitions of n, i.e. the
number of distinct ways of representing n as a sum of positive integers. Two sums
with the same terms in a different order are considered to be the same. By convention
p(0) =1 and then p(1) =1, p(2) =2, p(3) =3, p(4) =5, etc. Let us denote by P(q) the
generating g-series of this partition function p(-). It satisfies

P(q) = ip(n)q" = ﬁ(l -7
n=0 n=1

Another classical g-series is given by the modular discriminant A(g). It may be

defined as -
Mg =q] Ja-gm*.
n=1

See for instance [9, Theorem 8.1, page 62] for the classical link with the discriminant
modular form (note that some authors normalize the discriminant modular form by
multiplying this g-series by a power of 27). Let us remark that one may define the
Dedekind eta function by

n(r) =5 | J(1-emm,
n=1
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where 7 € H := {z € C : Im(2) > 0}; see [0} page 65]. It naturally satisfies n(7)%* = A(7),
where A(t) = A(q) for ¢ = ¢?™'". For recent properties of the eta function in relation to
partition theory, one may refer to [11]].

It is a natural idea to use the direct link between these g-expansions to deduce new
properties for partitions, see for instance [10] where results on the parity of the partition
function are obtained in this manner.

The discriminant modular form is an important object, which appears notably in
the theory of elliptic curves over the complex numbers. The study of transformations of
elliptic curves by isogenies gave deep consequences in the study of partitions: the action
of Hecke operators were used in [7] to prove a conjecture of Erdos on the distribution of
values of p(n) modulo an integer m. Very recently, Ono also found new formulas linking
partitions with endomorphisms of elliptic curves and was able to recover classical
congruences on partition numbers by a new method, see [[6]].

There are also other results relating A(7) to isogenies, more precisely to the size of
Hecke images, see for instance [8l[1}[3 [4]. This led us to realize that there is another way
of using isogenies to deduce a result on partitions. In this note, we prove the following
result. For N > 1, consider the set of matrices

C_ab
N7 o 4

These matrices are used in the aforementioned articles to parametrize cyclic isogenies
of degree N. Any matrix y in Cy acts on elements 7 € H by

):a,b,dEZ,ad=N,a> 1,0<b<d-1,gcd(ab,d) =1}.

}/(T)Z(Z Z)'T=§T+S. (1)

Up to isomorphism, the targets of cyclic isogenies of degree N starting from the complex
elliptic curve corresponding to 7 € H correspond to the points y(7) € H for y € Cn.
The number of elements of Cy is often denoted 1/ (N) and we have

do(r 1
#oy =y(N) = ) do(r) =Nl_[(1+—),
dIN r PIN p
r=ged(d,N/d)

where we used the notation ¢(-) for Euler’s totient function.

Theorem 1.1. Let N > 1 be an integer, {x = ¢*™/N a primitive N™ root of unity and X
an indeterminate. Then the following formula holds.

o o YN
[] (1 +> g;f]b"p(n)X“Z") = (1 +>) p(n)XN") :
(§g)ecx> ™

We stress that this result is valid for any integer N > 1. Let us spell it out for N = 2.
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Example 1.2. When N = 2, Theorem|[1.1] gives

(1 + ip(n)X‘"’) (1 + ip(n)X”

Let us now move to a related result. Similar to Cp, we define

1+ Z(—l)”p(n)X"
n=1

o 3
1+ Zp(n)XZ") .
n=1

b
C;\,z{(g d):a,b,deZ,ad:N,a> 1,0<b<d—1},

where we have dropped the gcd condition on the entries. Now the points y(7) for
y € C\ correspond to all isogenies of degree N (not just cyclic isogenies).
We have a natural bijection

~ b b
Cy _)f]z_”[\,CN/fz, (g d) — (aéf djj;) € Cnyp2s f =ged(a, b, d).

It follows that

o(N) = > d=4#Cy = > #Cyjp = > Y(N/f?)
dIN 2N 2N
and, by Mobius inversion,
YN) = " p(f)a(N/f).
fHN
With this in place, we also prove the following result.

Theorem 1.3. Let N > 1 be an integer, { = e?™"/N a primitive N root of unity and X
an indeterminate. Then the following formula holds.

00 00 o(N)
[ (1 ) g;b"p(n)xazn) = (1 + Zp(n)XN") .
n=1

(gh)ecc!

In the next two sections, we will deduce Theorem 1.1]from a property of the discrim-
inant function and prove Theorem [1.3|using g-series manipulations. Since these two
theorems are equivalent by Mobius inversion, this gives two different proofs for each
theorem.

2 Proof of Theorem

Out first proof relies on the following result, found in Autissier’s [, Lemme 2.2],
which (in our opinion) deserves to be better known. For other applications of this
specific result, see [} [3| [4]. For more recent work on multiplicative Hecke relations,
see [5]].
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Lemma 2.1. Let N > 2 be an integer. The discriminant function satisfies the following
“multiplicative Hecke eigenform” property. For any v € H, one has

N
[T a0 = (-am@)"™,
yeCn
where y(7) is given in (1).
Before starting the proof of Theorem|[1.1] let us first gather some useful arithmetic
results. We denote by y = (aoy z: ) the matrices in Cy.

Lemma 2.2. Let N > 1 be an integer, then we have

L=y )
yeCn dY
and b, 1 .
Z 4" SY(N) -2, 3)

yeCn
where t is the number of primes dividing N.

Proof. We start with the equality (2). We drop the y-index in intermediate steps to
simplify the notation. We have

DESPIEEN

yeCn ¥V dIN 0<b<d dIN d|N a|N
ged(a,b,d)=1

where ¢ is Euler’s function, where r = gcd(a, d), and where we used ad = N.
Let us now turn to the equality (3). We first note that, for each d | N and r =
ged(d, N/d), we have

do(r) ifr>1
Z 1= d‘ﬂr”) 1 if _1’
0<b<d ;oL Hr==L
ged(r,b)=1
It follows that
b, b 1 b (d-b) 1
DESINDNE SONIDIN I TErs B PNDIE
yeCn ¥V dIN o0<b<d dIN © o<b<d d|IN 0<b<d
ged(r,b)=1 ged(r,b)=1 ged(r,b)=1
1 do(r) 1 1 -1
N — ] - = 1| =-¢y(N)-2""",
DIl L1 DY SV )
dIN dIN

ged(d, N/d)=1

which gives the claim. O
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The interested reader can also check [2l Equation (3)] for other formulas involving
these quantities. We now turn to the proof of our theorem.

Proof of Theorem[1.1] The case N = 1 is obvious. We may thus assume N > 2 and start
by Lemma 2.1} which gives

[T a@) " =(=am@)™™,

yeCn
and, by (1), we have

y(r)z(a b)-r=§r+§,

0 d
hence
+00 24 +00 24 ¢(N)
l_[ e—ZniaTder (Zp(n)ezmn“f;b) = | —g~2mit (Zp(n)emn‘rn) ) 4)
yeCn n=0 n=0
Now one also has
l_[ e 2mi Gt _ (_e—ZHiT)]//(N)’ )

yECN

by a direct application of Lemma|[2.2] on the sum of exponents obtained by developing
the left hand side of (5). Now inject (5) into (4) and set X = e?miTIN = g2rit/ad this vields
the result, as the expansions in Theorem|1.1]have constant term equal to 1. O

3 Proof of Theorem

We propose a proof of Theorem|1.3] and hence another proof of Theorem 1.1} using
a slightly different method. The idea of looking at these specific g-series came from our
first proof of Theorem [1.1]

The strategy here is to obtain the following g-series identities, the first of which
implies Theorem 1.3} the second of which implies Theorem [1.1]

Proposition 3.1. Let N > 1 and suppose |q| < 1. We have
O] [T (1-dra™)=TTa-gy,
= n=1

00

(ii) ﬁ l_[ (1 _ év;'qun/dz) _ l—[ (1- q")‘“N).

= (3o



Poly. . Math. 3 (1) 6

Proof. Tt suffices to prove (i), as the second claim then follows by (multiplicative) M&bius
inversion.
We start by naming the left hand side

Pyn = ﬁ 1_[ (1 _ ggnan/dZ) _

Let us now compute

&
I
iR

S
I
-
i
Z
'T:
o
T
4

where we set e = ged(d,n) and d = d’e, we set n = n’e as well as b = pd’ + b’ with
o <d.
Using the fact that { g/l is a primitive

aN=fHIu—wW%e

d’th root of unity, we thus obtain

n=1 d|N
=[TIT [T (-a%)
e|N g /|N n’>1
ged(n’,d")=1
[T - = Ja-ae,
e|N n=1 n=1

where we have used the fact that, for fixed e | N, the exponent a ranges exactly over
all positive integers n. This concludes the proof. O
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