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Abstract

In the theory of algebraic function fields and their applications to information
theory, the Riemann-Roch theorem plays a fundamental role. But its use, delicate
in general, is efficient and practical for applications especially in the case of non-
special divisors. In this paper, we survey known results concerning non-special
divisors in algebraic function fields defined over finite fields and enrich it with new
results about the existence of such divisors in curves of defect k. Our presentation
is self-contained with full proofs given for each result, either original proofs or
shorter, alternative proofs.
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1 Introduction

1.1 General context

This article is mainly a survey highlighting the current state-of-the-art on the exis-
tence and the construction of non-special divisors in algebraic function fields defined
over finite fields. The growing importance of this topic has attracted many mathemati-
cians and computer scientists, who developed new ideas and obtained new results. Finite
fields constitute an important area of mathematics. They arise in many applications,
particularly in areas related to information theory, for example cryptography and error-
correcting codes. Moreover, algebraic-geometric codes “a la Goppa” whose performance
as error-correcting codes was proven by the results of Tsfasman-Vladuts—Zink in [29]
also play an important role in cryptography and in algorithmic or computational al-
gebraic geometry as demonstrated by the work carried out in recent years on secret
sharing schemes (see for example [8]], [4], [5] and [30]) or on the algebraic complexity
of the multiplication in the finite fields (see the survey [2])). In all of these cases, the
use of the Riemann-Roch theorem with non-special divisors of degree d in algebraic
function fields of genus g over finite fields, in particular in the non-trivial case where
g—1<d< 2g—-2,is crucial.
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1.2 Organisation

In this paper, we give a survey of the known results concerning the non-special
divisors in the algebraic function fields defined over finite fields, enriched with some
unpublished recent results. In particular, we have chosen to be self-contained by giving
the full proofs of each result that relates directly to the non-special divisors, the original
proofs or shorter alternative proofs.

In Section [2| we present Notation and the well-known elementary results about non-
special divisors in algebraic function fields defined over an arbitrary field. In Section
we focus on the results concerning the existence of non-special divisors of degree g and
g — 1. Finally, in section [3.6] new results are proposed on the existence of these divisors
in curves of defect k.

2 Preliminaries

2.1 Notation.

Let F/F, be an algebraic function field of one variable defined over a finite field F,,.
We will always suppose that the full constant field of F/F, is F; and denote by g the
genus of F. If D is a (rational) divisor, recall that the F;-Riemann-Roch vector space
associated to D and denoted L(D) is the subspace of rational functions

L£(D) = {x €F: (x) > —-D} U {0}. 1)

By the Riemann-Roch theorem we know that the dimension of this vector space, denoted
by dim(D), is related to the genus of F and to the degree deg(D) of D by

dim(D) =deg(D) — g+ 1 + dim(x — D), (2)

where x denotes a canonical divisor of F/ Fg. In this relation, the complementary term
i(D) = dim(x — D) is called the index of speciality and is not easy to compute in general.
In particular, a divisor D is non-special when the index of speciality i(D) is zero. Let
us recall the usual notation (for the basic notions related to an algebraic function field
see [23]). For any integer k > 1 we denote by Py (F/F;) the set of places of degree k, by
By (F/Fy) the cardinality of this set and by P(F/F;) = UiPr(F/F,). The divisor group
of F/F, is denoted by D(F/F,). If a divisor D € D(F/F,) is such that

D= Z npP,
PeP(F/F,)

the support of D is the following finite set
supp(D) = {P € P(F/Fy) :np # 0}

and its degree is

deg(D) = Z np deg(P).
PeP(F/Fy)
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We denote by D, (F/F,) the set of divisors of degree n. We say that the divisor D is
effective if for each P € supp(D) we have np > 0 and we denote by D} (F/F,) the set of
effective divisors of degree n and by A, = #D}, (F/F,) the cardinal of the set D (F/F,).
In general, we will note #2 the cardinal of the set ¢. The dimension of a divisor D,
denoted by dim(D), is the dimension of the vector space £(D) defined by formula (1).
Let x € F/F,, we denote by (x) the divisor associated to the rational function x, namely

)= ). o(P

PeP(F/Fy)

where vp is the valuation at the place P. Such a divisor (x) is called a principal divisor,
and the set of principal divisors is a subgroup of Do (F/F,) denoted by Princ(F/F,). The
factor group

C(F/E,) = D(F/Fy)/Princ(F/F,)

is called the divisor class group. If D; and D, are in the same class, namely if the divisor
D; — D, is principal, we will write D; ~ D,. We will denote by [D] the class of the
divisor D.

If D; ~ D,, the following holds

deg(Dl) = deg(Dz), dlm(Dl) = dlm(Dz),

so that we can define the degree deg([D]) and the dimension dim([D]) of a class. Since
the degree of a principal divisor is 0, we can define the subgroup C(F/F,)° of classes of
degree 0 divisors in C(F/F,). It is a finite group and we denote by h its order, called the
class number of F/F,. Moreover if

29 9

Lt =Y ait' = [ (1~ an(-m1)
i=0 i=1

with |a;| = 4/g is the numerator of the Zeta function of F/Fy, we have h = L(1). Finally

we will denote h,, ; the number of classes of divisors of degree n and of dimension k.

In the sequel, we may simultaneously use the dual language of (smooth, absolutely
irreducible, projective) curves by associating to F/F a unique (F,-isomorphism class of)
curve C(F,) defined over F, of genus g and conversely to such a curve its function field
C(F,) is the set of Fy-rational points on C, and F4(C) is the field of rational functions
on C over Fy. Because, by F.K. Schmidt’s theorem (cf. [25, Corollary V.1.11]) there
always exists a rational divisor of degree one, the group C(F/Fg)° is isomorphic to
the group of F-rational points on the Jacobian of C, denoted by Jac(C). In particular
h(F/F4) = #Jac(C)(F,) is the cardinal of the set Jac(C)(F,).

2.2 Elementary results on non-special divisors.

Let F/F, be a function field of genus g > 0. First recall some results about non-
special divisors (cf. [25]). If deg(D) < 0, then dim(D) = 0 and if deg(D) > 0 then
dim(D) > deg(D) — g + 1. When 0 < deg(D) < 2g — 2, the computation of dim(D) is
difficult, but we have the following general results.
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Proposition 2.1. 1. B, ¢ L(D) ifand only if D > 0.
2. Ifdeg(D) > 2g — 2, then D is non-special.

3. The property of a divisor D being special or non-special depends only on the class of
D up to equivalence.

4. Any canonical divisor k is special, deg(x) = 2g — 2 and dim(k) = g.

5. Any divisor D with dim(D) > 0 and deg(D) < g is special.

6. If D is non-special and D" > D then D’ is non-special.

7. For any divisor D with 0 < deg(D) < 29 — 2, dim(D) < 1+ %deg(D) holds.

For the rational function field F = F,(x) (g = 0), there is no non-zero regular
differential, thus, all divisors of degree d > 0 are non-special. From now, we focus on the
existence of non-special divisors of degree g or g — 1. Note that g — 1 is the least possible
degree for a divisor D to be non-special. We have the following trivial observations.

Lemma 2.2. Assumeg > 1. Let D € D(F/F,) and set d = deg(D).

1. Ifd = g, D is a non-special divisor if and only if dim(D) = 1. Assume that D is a
non-special divisor of degree g; then, D ~ Dy, where Dy is effective. IfD > 0 and
d = g, D is non-special divisor if and only if L(D) = F,.

2. Ifd = g — 1, D is a non-special divisor if and only if dim(D) = 0. A non-special
divisor of degree g — 1, if any, is never effective.

3. Ifg > 1and Ay, =0, then any divisor of degree g — 1 is non-special.
A consequence of assertion 1 is the following.

Lemma 2.3. Assume that D is an effective non-special divisor of degree g > 1. If there
exists a degree one place P such that P ¢ supp(D), then D — P is a non-special divisor of
degree g — 1.

3 Existence of non-special divisors of degree g and
g-—1

Unless otherwise specified, the results in this section come from [1]] by S. Ballet and
D. Le Brigand. They determine the necessary and sufficient conditions for the existence
of non-special divisors of degree g and g — 1 in the general case and they apply them to
the casesof g =1and g = 2.
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3.1 General case
Here, we give some general results about non-special divisors of degree g and g — 1.

Proposition 3.1. Let F/F; be an algebraic function field of genus g > 1.

1. If Bi(F/Fy) > g, there exists a non-special divisor D such that D > 0, deg(D) =g
and supp(D) C P(F/Fy).

2. If B1(F/Fg) > g+ 1, there exists a non-special divisor such that deg(D) = g —1 and
supp(D) C P1(F/Fy).

Proof. 1. See [25} Proposition 1.6.10].

2. Let T C P{(F/Fy) be such that #T = g and, using assertion 1, let D > 0 be a
non-special divisor such that deg(D) = g and supp(D) C T. Select P € P1(F/Fg)\

supp(D) and apply Lemma 2.3]
0O

We denote by &; and &;_; the following properties:
&y: F/Fq has an effective non-special divisor of degree g.
&g-1: F/Fg4 has a non-special divisor of degree g — 1.
If F/F, has enough rational places compared to the genus, then &; and &,_; are true.

Proposition 3.2. Let F/F, be a function field of genus g. Denote by h the order of the
divisor class group of F/F,.

1. IfAg < h(q + 1), then &, is true.

2. IfAg_1 < h, then ;1 is true.

3. Assumeg > 2. If Ay 5 < h, then &, is true.

4. Ifg =2 or3, &, is untrue if and only if Ay = h.

Proof. Recall that, in any function field, there exists a degree 1 divisor (this is a result
of FX. Schmidt; see [25 Corollary V.1.11] for instance), so there exist divisors of any
degree > 1. Letd > 1and Dy € D; (F/Fg), and consider the map

| D} (F/Fy) — Jac(F/E,)
Va0, { D [D = Dy].

1. First, it is well known that 1 < h < Ay is true for any function field. Indeed, let D
be such that deg(D) = g. By the Riemann-Roch, dim(D) > 1; thus, there exists an
effective divisor of degree g which is equivalent to D. So assume D, € D (F/Fg)
and consider the map ¥, p,. For all [R] € Jac(F/F,), we have deg(R + Do) = g;
thus, dim(R + Dy) < 1 and there exists u € F* such that D := R+ Dy + (u) is in
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D;r (F/Fy) and [R] = [D — Dy] = ¢4 p, (D). This proves that 1, p, is surjective and
that h < A;. Assume now that F/F, has no non-special divisor D of degree g.
Then, dim(D) > 2 for all degree g divisors; thus, for all [R] € Jac(F/F,), we have

qdim(R+D0) -1 qz -1
#{D € D} (F/F,), [D - Dy] = [R]} = o > = =q+1

and Ay > h(q +1).

2. A divisor D of degree g — 1 is non-special if and only if dim(D) = 0. If g = 1, there
exists a non-special divisor of degree g — 1 = 0 if and only if h = B; > 1 = A,,
since two distinct degree one places are not equivalent. Assume now that g > 1.
Hence, it is sufficient to prove the existence of a divisor of degree g — 1 which is
not equivalent to any effective divisor. If A;_; = 0, the result is proved. Otherwise,
let Dy be an effective divisor of degree g — 1 > 1 and consider the map ;1 p,.
If Aj—1 < h, this map is not surjective. Hence, there exists a zero-degree divisor
R such that [R] is not in the image of ¥;,_1 p,. Consequently, D = R + D, is a
divisor of degree g — 1 which is not equivalent to an effective divisor. Thus, D is
non-special.

3. From the functional equation of the zeta function, it can be deduced (see [18]
Lemma 3(i)]) that, for g > 1, one has

qn+1—g -1
A, = qn+1_gAZg—2—n + h—l for all 0<n<2g-2.

For g > 2 and n = g this gives
Ag =h+ qu_z.

Thus, if g > 2,
Ag<(@g+1h e Ay, <h.

4. Assume that g = 2 or 3. Then if deg(D) = g and dim(D) > 2, one has dim(D) =2
by assertion 7 of Proposition since dim(D) < % + 1. Thus, &, is untrue if and
only if A; = (g + 1)h, which is equivalent to A;_, = h.

We quote the following consequence of assertion 2.

Corollary 3.3. LetF/F, be an algebraic function field of genus g > 2 such that Ay > 1.
Denote by h the order of the divisor class group of F/F,. Then &,y is untrue if and only if
there exist h elements ofD;’_l(F/Fq) pairwise non-equivalent.

Proof. Let r be the maximum number of pairwise non-equivalent elements of
D;_I(F/]Fq) and let Dy,...,D, be elements of D;_I(F/]Fq) pairwise non-equivalent.
Then

{[0] = [Dy = D1], [Ds = D4],..., [D, — D41}
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is a subset of Jac(F/F,) of order r. If r = h, for any divisor D of degreed = g - 1, we
have [D — D;] = [D; — D] for some i, 1 < i < h, and then D ~ D;. Thus, dim(D) > 1.
If r < h, Yy_1,p, is not surjective and the result follows. m]
3.2 Existence of non-special divisors of degree g

Now, we particularly focus on the non-special divisors of degree g. First, we give
useful properties and interesting information to study the existence of non-special
divisors. For example, it is known that this existence is relied on the number of effective
divisors of certain degrees A,.

Lemma 3.4. IfB; > m > 1, then for alln > 2 one has

m(m—1
Ap 2 mA,_ - %An—z- (3)

Proof. See [18| Lemma 4]. O
Moreover, it is also related to the class number h of algebraic function fields.

Proposition 3.5. Let F/F, be a function field of genus g > 2. We denote by h its divisor
class number.

+ Up to isomorphism, there are 4 function fields F/F,, 2 of them being hyperelliptic,
such that h = 1 and g > 2. They are obtained for F = F,(x, y) as in Table[]]

« Up to isomorphism, there are 15 functions fields F/F,, 7 of them being hyperelliptic,
such that h = 2 and g > 2.They are obtained for F = F,(x,y) as in Table[3

Proof. See [13] and [15] for the solutions of the (h = 1) problem and [[12] Proposition 3.1

and Theorem 4.1] for the solutions of the (h = 2) problem. O

Proposition 3.6. An algebraic function field F/F, of genus g > 2 has an effective non-
special divisor of degree g in the following cases:

(i) g > 3.

(ii) q =2 and g = 2, unless F = Fy(x, y) with
Y+y+ (P +x>+1)=0, and
Pry+ (P +xP+ 1)/ +x+1) =0.
(iii) g =2 and g = 3.
(iv) g =2,9 > 4 and B;(F/Fy) > 3.
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g | Equation B; | By | Bs
2 | PP+y+(x>+x*+1) =0 1] 2
2 | PP+y+ (P +x2+1)/(x*+x+1)=0| 0 | 3
3|yt +xyP+(x+Dy+(x*+x3+1)=0| 0 | 0 | 1
3|yt +xyP+(x+Dy+(x*+x+1)=0 0 1 1

Table 1: The four function fields for which A =1 and g > 2.

q | g | Equation By | B, | By | By

312 P-2x2+1)(x*+2x3 +x+1) =0 115

2|2 | PP+y+ (P +x+1)/(x*+x+1)=0 1 3
P+y+(xt+x+1)/x=0 2 1

2 3| PP+y+(xt+x3+x%+x+1)/(x*+x+1)=0 112 |1
P+y+ (X +x2+1)/(xP+x+1)=0 1 3 0
P+y+ (P +x+1)/(x2+x+1)3=0 04| 2
Pry+(x*+x3+1)/(x*+x+1)=0 0| 3] 2
VrHxP+ (o + Dy+(xt+x2+1)=0 0| 212
P+ +x+Dy+(xtP+x3+1)=0 11013
v+y+(x*+xP+1)=0 11| 2

2 14| P+ +3+Dy+ (x*+x3+1) =0 0|0 4
P+t Dy +(C+x°+1) =0 0| 0| 4
P+t + Dy + (P +x+1)=0 0 1 3
y® +xy° + (2 + Dyt + (3 +xD)y? ol 11113

+(x°+xX°+x3+x+1)=0

PHxpP + 3P+t + (P +x)y+ (P +x2+1)=0| 0 | 1| 2| 3

Table 2: The fifteen function fields for which h =2 and g > 2.
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Proof. We set L(t) := L(F/Fg,t). For g > 2, it follows that (see [18, Lemma 3])

g=2 g9-1
ZA oy qu—l—nA (2920 _ L(t) — ht?

n n - .
o — (1-1)(1-qt)

Substituting t = g~'/? into the last identity, we obtain
g—2 /2 -1/2
zzq_n/zAn + q—(g—l)/zAg_l _ h—q92L(q"1?)
o (/2 = 1) qo-1/2

and, since L(q_l/z) = H‘?:l |1 - ﬂiq_l/z 2 > 0, we have

9_2 h
22 q(g—l—n)/zAn + Ay <

g (q1/2 _ 1)2 . (4)

Now consider each case in turn:

(i)

(ii)

(iii)

If g > 3. Using (4), Ay—; > h implies

1/2 < ;
(¢ -1)*

which is absurd if g > 3. Thus, A;_ < h is always satisfied and so &, is true.

29

If g=2and g > 3, (4) implies

LZ - (3 + 2\/5) h. )

(-

Assume that B; (F/Fq) > m = 3; then, by (3) withn = g—1, wehave A;_1+3A,_3 >
3Ay-2, and finally, using (5),

4Ag 5+ 2V2A, 5 + Agy <

Ag_s + (3 + 2\/5) Ay < (3 + 2\/5) h.

Since Ay_3 > 1, because if g =3, A;_3 = Ap = 1and if g > 3, A;_3 > B1(F/F,) >
m = 3, we deduce that, if Bi(F/Fy) > 3 and g > 3, then A;_; < hand so &, is
true.

If ¢ = 2 and g = 2, using assertion (4) of Proposition In fact, &, is untrue if
and only if h = Aj_y = A; = By(F/F,). Since &; is true if By (F/F,) > 3, we are
left with h = By (F/F,) = 1 or 2 and we deduce from Propositionthat there is
no solution.

If ¢ = 2 and g = 2, using assertion (4) of Proposition &y is untrue if and only
if h = Aj_ = Ay = 1. By Proposition 3.5/ there are only two function fields F/F,
of genus 2 such that h = 1. They are such that ¢ = 2 and F = F;(x, y), with
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« ¥ +y+ (x® + x>+ 1) =0and B(F/F,) = 1, B,(F/F,) = 2.
el +y+ (P} +x*+1)/(x*+x+1)=0and B1(F/Fy) =0, B;(F/Fy) = 3.

Since h = 1, all divisors of a given degree d > 0 are equivalent. In particular,
all the divisors of degree g = 2 are equivalent to any divisor of D} (F/F,), and
therefore they are special.

O

The following lemma from H. Niederreiter and C. Xing in [18, Lemma 6] is another
characterization of the existence of these divisors. This result is less precise than
Proposition 3.6)and the proof is based on the same tools.

Lemma 3.7. There exists an effective divisor D of F/F; with deg(D) = g and dim(D) =1
if either By(F/Fy) > 2 and q > 3, or B1(F/Fy) > 4 and q = 2.

Proof. The lemma is trivial for g = 0. If g = 1, let D be a rational place of F/F,, then
dim(D) = 1. Now let g > 2. Suppose that dim(D) > 2 for any positive divisor D with
deg(D) = g. If g = 2, then by [18| Lemma 3(i)] we have A; = g+ h and by [[18] Lemma 5]
we have A; > (q + 1)h. Thus h < 1, which contradicts h > A; > 2.

So we may assume g > 3. Substituting t = g~'/? in the identity in [18| Lemma 3(ii)],
we obtain ,
9- _.g/2 -1/2
ZZq-n/zAn fq VA, = h—q“L(q""*) .
o (q1/2 = 1) qlo-1/2
Since
g 2
L(q—l/Z) = l—l |1 - ajq_l/z) >0,
j=1
we infer that
g—2 h
2> qUPRA v AL < ————. (6)
; (q'% - 1)

Since [[18, Lemma 3(i)] yields A; = h + qA, 2 and [18| Lemma 5] yields A; > (g + 1)h,
we have A;_, > h. From (6) we then get

1/2 < ;
(/2 -1)°

This inequality is impossible if g > 3, hence it remains to prove the lemma for q = 2.
If ¢ = 2 and B (F/F,) > 4, then from (6) we obtain

29

4Ag_3 + 2\/§Ag_2 + Ag—l < (7)

e
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Together with [18] Lemma 4] with m = 3 and n = g — 1 this yields

h
Agos + (3 + 2\/5) Agy < ——. ®)
(v2-1)
if we use [[18| Lemma 4] with m =4 and n = g — 1 in (7), then we get
h
—2A, 3+ (4 + 2\/5) Aoz < - )
(v2-1)
By eliminating A3 from (8) and @D, we arrive at
3h
(10 + 6\/5) Ag—z < =
(v2-1)
and therefore 3
10 + 6\/5 < —
(v2-1)
which is absurd. O

3.3 Existence of non-special divisors of degree g — 1

In this section, we are interested in the non-special divisors of degree g — 1. We
begin with the particular case where g = 1.

If the genus of F/F, is g = 1, any divisor of degree d = g is non-special since
d > 2g — 1 =1 and there exists a non-special divisor of degree g — 1 = 0 if and only if
the divisor class number h is > 1,i.e. B;(F/F;) > 2. So there are exactly three function
fields of genus one which have no non-special divisor of degree g — 1. They are the
elliptic solutions to the divisor class number one problem (see [14] and [15]]):

q =2, P+y+ (P +x+1)=0,
q=3 Y- (P +2x+2) =0,
q=4 ¥ +y+ (x> +a) =0, where Fy = Fy(a).

So, in the rest of this paper, except otherwise stated, we consider function fields of genus
at least two.

Theorem 3.8. Let F/F, be a function field of genus g > 2. Then &;_; is true in the
following cases:

(i) q> 4.
(ii) g =2, unless F/Fy := Fy(x, y) /F;, with
P+y+ (X +x*+1) =0, or

P+y+(xP+x+1)/x=0.
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Proof. Recall that, A, 1 = 0, the existence is clear.
(i) Assume g > 4. By (4), for g > 2 we have:

-2
Ago1 <2q9VPA + Ay <2y qUTTTRA, Ay <

n

«

_h
(¢ -1)"

Thus, if ¢ > 4, we have A;_; < h and the result follows from Proposition

I
o

(i) Assume g = 2. If A;_; = B1(F/F;) < h, the result follows from Proposition
This is the case when B;(F/F;) = 0 and then all divisors of degree g — 1 are
non-special. If B;(F/F;) > g + 1 = 3, the result is true by Proposition The
remaining cases are B;(F/F;) = 1 or 2 with h = B;(F/F,). By Proposition
there are two solutions:

(@) B1(F/Fy) =1and h = 1. There is a unique function field satisfying these
conditions. It is F/F, := F;(x, y) /F,, with

P +y+ (X +x°+1) =0.

Since h = 1, all divisors of degree g — 1 = 1 are equivalent to the place of
degree 1; thus, they are special.

(b) B1(F/Fy) = 2 and h = 2. There is a unique function field satisfying these
conditions. It is F/Fy := Fz(x,y) /F,, with

Y +y+(xt+x+1)/x=0.

Since the two degree one places are non-equivalent, it follows from Corol-

lary3.3|that &,-; is untrue.
O

In the following lemma, the value of A, ; is given in terms of coefficients of the
polynomial L(F/Fg,t).

Lemma 3.9. Let F/F, be a function field of genus g and let L(t) = Z?ZO a;t; be the
numerator of its Zeta function. Then

g-1
1
Aji=——|h—-|a, +2 a;ll.

Proof. It is a well-known result that

+00 ?go al’ti
Z(t) = > Aptm = =070
,;) FEDIED)
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We deduce that for all m > 0,

m—i+l _ 1

Am=iq—ai.
: g—1

i=0

In particular,
g-1

(q=DAg1 =) (@ = 1) ai

i=0

Since a; = ¢' 9ay,_;, foralli =0, ..., g, we obtain
q g g
g-1 -1 g-1 g-1
(- DA =¢° Z qlai—) a=¢ ) q'qdayi-) a
i=0 i=0 i=0 i=0
Hence,
g-1

(q- 1)Ag—l = Z (aZg—i - ai) :

i=0

Furthermore, we know that h = L(1) = fz 0 > therefore,
1 it
Agy=——|h- ag+22a,~ .
q-1 i=0

The preceding lemma, Corollary [3.3]and Assertion 2 of Proposition [3.2] yield:

Corollary 3.10. Let F/F, be a function field of genus g and L(t) = Z?ZO a;t’ be the
L-polynomial of F/F,. Then

« Forqg>3,a,+2 Z?;OI a; > 0 if and only if &,_1 is true.
« Forq=2,a4+2 Z?:_Ol a; > 0 if and only if &, is true.

Example 3.11. The Hermitian function field F/F: is such that F = F,;(x, y) with y7 +
y — x9*! = 0. It is a maximal function field of genus g = @ and it is the constant
field extension of G/F,, where G = Fy(x,y), with y? + y - x9*! = 0. We can say that
G/F, is a “constant field restriction” of F/F.. All subfields of the Hermitian function

field F/Fg. are maximal function fields.

Corollary 3.12. If the algebraic function field G/F, is a constant field restriction of a
maximal function field F/Fg: = G.Fg [Fy, then G/F, contains a non-special divisor of
degree g — 1.



Poly. . Math. 2 (1) 14

3.4 Particular cases : ordinary curves over [f; and [F5

The following results treat the particular case of ordinary curves in [3] Section 4].

Let C/k be a genus g (smooth projective absolutely irreducible) curve defind over
a finite field k = F,n. Classically, one defines the p-rank y of this curve as the integer
0 < y < g such that #Jac(C)[p] (k) = pY. In particular C is said to be ordinary if y = g.
There is another equivalent characterization in terms of the L-polynomial, namely
y = deg (L(t) mod p), see [16]. In particular, C is ordinary if and only if p does not
divide ay.

Proposition 3.13. Let C be an ordinary curve of genus g > 0 over a finite field k of
characteristic 2. There is always a non-special divisor of degree g — 1 on C.

Proof. Let f € k(C) such that df # 0. Developing f in power series at any point of
C, we see that df has only zeros and poles of even multiplicity. Hence there exists a
rational divisor of degree (29 —2)/2 = g—1 such that (df) = 2D,. It is easy to show that
the class of this divisor does not depend on the choice of f and it is called the canonical
theta characteristic divisor. In [[26] Prop.3.1], it is shown that there is a bijection between
L(Dy) and the space of exact regular differentials (i.e. the regular differentials  such
that w = df for f € k(C)). Now by [22] Prop.8], a regular differential v is exact if and
only if C(w) = 0 where C is the Cartier operator. Moreover by [22] Prop.10], Jac(C)
is ordinary if and only if C is bijective. So the only exact regular differential is 0 and
dim(Dg) = 0. Hence Dy is the divisor we were looking for. O

Note, that the previous proof gives a way to explicitly construct a degree g — 1
divisor of dimension zero. We will now generalize Proposition (and Lemma [3.9)
but without such an explicit construction.

Lemma 3.14. Let F/F, be a function field of genus g and let L(t) = Z?ZO a;t' be the
numerator of its Zeta function. Then

1 g+k-1 g-k
Ayk = a_1 [q_kﬂ (h - Z a,—) - Z ail )
q =0 i=0
Proof. The proof is similar to Lemma 3.9 (see [3| Lemma 3.6]). |

Proposition 3.15. Let C be a curve of genus g > 0 defined over a finite field F, of
characteristic p and of p-rank y. There is always a degree y — 1 zero dimension divisor
onC.

Proof. Recall that if h, s denotes the number of classes of divisors of degree n and of
dimension k, for all g > k > 0, we get

h= i hg—k,i
i=0
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SO
hy-ko =h= D byt
i=1
Now _
e= 2 e ek
i=1
hence we can write
Z hg—k,i = Z qihgfk,i - (q - 1)Ag—k~
i=1 i=1
Using the expression of A;_i from Lemma and
g+k—1 29 Y
a; + a; = Z a; (mod p)
i=0 i=g+k i=0
we get,fork=g—-y+1,
g+k—-1 -k o0
hy-ko = (1+q71) g7t Z a - Z a; - Z q'hg-ri
29 g-k o0
—Zaﬁq DI EDIEPICLY
—g+k i=0 i=1
29 00
i=g—k+1 i=g+k i=1
Y
= Z a; (mod p)
i=g—k+1
=a, #0 (mod p).
Hence h,_1, is not zero and hence is positive. O

Remark 3.16. Note that this proposition is interesting only in the case where ¢ = 2 and

y=9g—-kwithk<3org=3andy=g.

Corollary 3.17. Let C be an ordinary curve of genus g > 0 over a finite field Fy. There is

always a non-special divisor of degree g — 1 on C.

3.5 Particular case : Asymptotically exact towers

In this section we adapt the results in [3} Section 5.2] to prove the existence of

non-special divisors of degree g — 1 in asymptotically exact towers.

First, let us recall the notion of asymptotically exact sequence of algebraic function

fields introduced in [27]].
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Definition 3.18. Consider a sequence 7 [Fy = (Fi/Fq)i=>1 of algebraic function fields

F./Eq defined over By of genus gi.. We suppose that the sequence of genus gy is an increasing

sequence growing to infinity. The sequence F [F, is called asymptotically exact if, for all

m > 1, the following limit exists:

Bu(F/Fy) = tim 2T
gr—e0 Ik

where By, (Fi/Ey) is the number of places of degree m on Fi [F,,.

Now, let us recall the following two results used by I. Shparlinski, M. Tsfasman and
S. Vladut in [24]. These results follow easily from Corollary 2 and Theorem 6 of [27].

Lemma 3.19. Let 7 /F = (Fi/Fy)r>1 be an asymptotically exact sequence of algebraic
function fields defined over Fy and hy. be the class number of Fy /F,. Then

m

logqhk = gk (1+Zﬂm'10gq ) +0(9k)
m=1

qm -1
Lemma 3.20. Let A, be the number of effective divisors of degree ay on Fy [Fy. If

ak > gk (Z qr':ﬁ_ml) +0(gk)

m=1

then

log, Ag, = ak + g - Z Pm - log,

m=1

qf_l+o@w.

These asymptotic properties were established in [27] and [28] in order to estimate the
class number h of algebraic function fields of genus g defined over F; and also in order
to estimate their number of classes of effective divisors of degree m < g — 1. Namely,
L Shparlinski, M. Tsfasman and S. Vladut used in [24] the inequality 2A,, (1-¢) < hx
where 0 < ¢ < % and k big enough, under the hypothesis of Lemma In the same
spirit, we give here a particular case of their result in the following proposition.

Proposition 3.21. Let ¥ /F; = (Fi/Fg)iz1 be an asymptotically exact sequence of
algebraic function field defined over F,. Then, there exists an integer ko such that for any
integer k > ko, we get:

Agk—l < hg

and there is a non-special divisor of degree g — 1 in Fy /FF,.

Proof. The total number of linear equivalence classes of an arbitrary degree equals to
the divisor class number hy of Fy/F,, which is given by Lemma 3.19} Moreover, for gx
sufficiently large, we have:

0o

Z mpm, < 1 Z mpm <l
gm"-1 +g+1 2

m
m=1 m=19* -1
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since ¢ > 2and ), _, m%ﬁ"’l < 1 by Corollary 1 of [27]. As glk < %, one has
-

9k (1 - glk) > gk (Z qf;lﬁ_ml) +0(gx)

m=1

for k big enough. Therefore, we can apply Lemma and compare log, Ag, (1-1/¢;)
with log, i given by Lemma Hence, there exists an integer ky such that for k > ko,
Ag,—1 < hr.. We conclude by Proposition|3.2] o

3.6 Particular case : curves of defect k over [F, and [F3

In this section, we will focus on curves over F; and F5 of genus g > 3. The existence
of non-special divisors of degree g — 1 is assured for g > 4, moreover, the cases of curves
of genus g = 1, 2 were studied in the introduction of section[3.3]and Theorem 3.8} The
goal is to give some examples of function fields that contain these divisors.

For r > 1, consider the number

N, :=N(F,) =#{P € P(F,/Fq) : deg(P) =1}

where F, = FFy is the constant field extension of F/F, of degree r. Let us remind the
equation from [25} Corollary 5.1.16]: for all r > 1, we have

29 g
N =¢ +1- Z af =q +1- Z 2qr/zcos(7rr¢i) (10)

i=1 i=1

where (ay, ..., ay) = (q'%e™1, ..., q'1%ei"®a, g1 /271791 q'/2e”"%9) are the recip-
rocals of the roots of L(t) with ¢; € [0, 1]. In particular, since N; = N(F), we have

29
N(F) =q+1—Zai.
i=1
Proposition 3.22 ([25 Corollary 5.1.17]). Let L(t) = ?Zo a;t' be the L-polynomial of

F/Fq, and S, := N, — (q" + 1). Then we have:

(@) L'(D/L(1) = 52, St

(b) ap =1 and
ia; = S;jap + Si_1a1 + -+ + S1a;1 (11)

fori=1,...,9.
Given Ny, ..., Ny and using azg—; = qg_iai, we can determine L(t) from .

Let F be an algebraic function field over F, or F5 of genus g, and k its defect, i.e.,

INy(F/F) — (¢ + 1)| = g [2vg] — K
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where [x] denotes the largest integer < x. Let

29 9
L) =Y ait' =] |11 - ) (1 - 1)
i=0 i=1

be the numerator of the Zeta function of F. Recall that with the previous conditions,

one has
29

|N1(F/Fq) - (q+ 1)| = ‘— Z a;

i=1

=g[2vq] -k

and then
29

e

i=1

k=g|2vq| - (12)

We know that, if N; > g + 1, there exists a non-special divisor of degree g — 1.
Moreover we know all the curves which contain this kind of divisors over F; for g = 1
and 2. Since for defect-2 curves over FF, with g > 3 one has

N —3|=29g-2 B Ny =2g+1 - Ny >g+1,
g g )

the existence of these divisors is obvious and we do not need to use the coefficients
ay for this purpose. Nevertheless, for a defect k > 3 curves over F; and F3 (¢ = 2 or 3,

hence [2\/6] =q ), one has
INt—(g+1)|=q9—-k = Ny =—qg+k+q+1lorNy=qg—-k+q+1.

The goal of this section is to prove the existence of non-special divisor of degree g — 1
for curves that satisfy

0K Ni=—-qg9+k+q+1<g or 0SSN =q9-k+qg+1<yg. (13)

The following results generalize the cases (a) and (d) of [23| Theorem 2.5.1] b
J.-P. Serre and will help us determine the sign of a, + 2 Z?z_ol a; (in order to apply

Lemma 3.23. Let a be a totally positive algebraic integer and k() = Tr(a) —d(a) (recall
that Tr(a) is the sum of the conjugates of a, it is totally positive if all its conjugates are
real > 0, that d(«) is the degree of its minimal polynomial and Tr(a) > d(«) (see [23,
Remark 2.2.3])). One has:

« Ifk(a) =0, thena = 1.
« Ifd(a) =1, thena = k(a) + 1.

e Ifd(a) =2, thena = Ke)rze (:(a)+2)2_4n with (k(ai+2)z > n.

Proof. « For the case k() = 0 see [23] Corollary 2.2.4].
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« If d(a) = 1, then the minimal polynomial of @ is x — Tr(e) and a = Tr(«), we
conclude that k(a) =Tr(a) -1 =a - 1.

« If d(a) = 2, then the minimal polynomial of & is x2 — Tr(a)x + n = x? — (k(a) +
k(a)+2+ (I;(a)+2)2—4n only if (k(oz;+2)2 > n

O

2)x + n with real positive roots, namely

Theorem 3.24. For a curve over F; such that |N1(F/1Fq) - (g+ 1)| =g [2\@] — k with
g > 2, one has

(a) For3<k<2- [2\/6], if there existsi € {1,...,g} such that a; + o; = [2\/6] -k,
then we can reorganize the tuple (ay + a1, . .., ag + @) to get

(a+am,....00+75) == ([2vg]..... [2va]. [2vg] — k)

(b) Ifthere existi,j € {1,..., g} such that [2\/6_]] +1—a;—a; and [2\/31] +l-a;-aj
are conjugate with d ([2\/6] +1—o; — E-) =2 and
a+a+a+a;=2[24q] -k
then we can reorganize the tuple (ay + a1, ..., 0; + @, . . ., &g + 0) to get

(a1 +,..., 04 +0y)

k+2+A k+2-A
== [Vl 2], 29 + 1= 2 [ayg) 4 - A
with A = +/(k +2)? — 4n and@ > n.

This holds for —2 (24/q — [2/q]) < k + A < 4yg + 2 [2v/q].

Proof. It is enough to prove the proposition in the case N; (F/F,) — (g +1) =g [2yg] -k

which means k = g [2y3q] - ?zl a; by (12).
Let k : Z[X] — Z be the map defined by

K(bOX"—le"_1+...+bn) :bl—n
and P € Z[X] be the polynomial
g
P(X) =X9—a1Xg‘1+_,_+ag=]_[(X— [2vg] - 1+ o + ) ;

i=1

its roots are real and positive since [2\/6] +12 a; +a; = 2+/q - cos(n;) with ¢h; the
argument of ;. Then we have

9

9
k(PX)) = ([2vg] +1- i - @) —g=g[2vq] +9- > (e +T) —g =k.
i=1

i=1
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Now, let P(X) = []}_, Ox(X) = [1}, (Xdeg(QA) — ayXdeeQu-1 4 .) be the decom-
position of P as a product of irreducible polynomials. We have

ap = Az;al,)t and a1 —9g= Zr: an— 2 deg(Qx);

A=1 A=1

thus

r

k(P(X)) = >k (Qa(X)) =k. (14)
=1
(a) Leti € {1,...,g}besuchthat o;+a; = [2\/?1] —k, then [2\@]"'1—%—71‘ € Z which
means that there exists I’ € {1,...,r} such that Q) (X) = X — [2\/c_1] —1l+ai+a.
Thusd ([2yg] + 1 - — @) = 1and Tr ([2y/q] + 1 - &; — &) = [2yq|+1-ai—a;.
By (14), we have

r

K(P(X)) = ) x(Qxa(X))

A=1
= Kk (02(X)) +x (Qv(x))
Fgt
= K(QA(X))+[2\/6]+1_[X1_E_1
Fogt
= D k(X)) + [2vg] - [2va] +k
=
A#A

K (Qa(X)) +k = k.

I
T
eiM‘

Notice that if [2\/6] +1 - a; — aj is a root of Q) where A # 1’ then, with the
notation of Lemma|3.23] one has

K (QA(X) =Tr ([2vg] +1-a; - @) —d ([2va] +1- o - &)
=k([2vg] +1-a;-25) > 0

We conclude that x (04(X)) = k([2yg] +1-a;—a;) = 0for A # A". By
Lemma one has [2\@] +1-a; —a; = 1 thus [2\/6] = aj + aj for
Jj # i and, by assumption, a; + a; = [2\/6_]] — k. Finally, the argument 6; with
24/q - cos(0;) = a; + o = [2\@] —kexistsif0 < k< 2- [2\@] We are inter-
ested, here, by 3 < k < 2 [24/q] since the cases 0, 1 and 2 were studied in [23]
Theorem 2.5.1].
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(b) Letﬁi = [2\/&] +1—a,~—E~andﬂj = [2\/6] +1 - aj
There exists A’ € {1,...,r} such that
Qv(X)=X*—apyX +ayy  with
apy =Tr(B) =Tr(f)) =2 [2vg| +2 - s — @ —a; — @

By (14), one has
.

k(P(X)) = ) 1(Qa(X))

A=1

~ |l

K (Q1(X)) +x (Qw(x))

T
RN

’

ZK(QA(X))+2[2\/_]+2 - —a;— @ -2

A
A

’

RN

K (02(X)) +2[2vg| —2[2va] +k

T
~ >i>ul

M

Kk (Qa(X)) +k =k.

T
S

As in (a), we conclude that x (0, (X)) = k ([2\/6_]] +1-aj—a;) =0forA# X
and since d(f;) = d(p;) = 2, by Lemmaone has

k(B) +2 -+ (k(Bi) +2)>—4n _ k+2++/(k+2)*—4n

bi= 2 2

and
g - KB r2 - IKB) 42 —an_k+2- (k+2) —dn
J = 2 - 2

thus o; + @ = [2/g] +1 - 22 and a; + @; = [2y/q] + 1 - &2=2,

Finally, the arguments 6;, 0; with 2+/q-cos(0;) = a;+a; and 2+/g-cos(0;) = a; +a;
exist if
2\/— +1-— k+2+A
<

22

which means

—2(2+/q — [24/q]) < k £ A < 4+/g + 2[2+/q].
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Lalglk[&]
213 1] 3| True
2 13| 4| True
313]|5 | True
31316 | True

Table 3: Whether specific function fields admit a non-special divisor of degree g — 1.

Remark 3.25. The conditions of Theorem are too constraining but they describe
possibly infinitely many curves if we refer to [23| Theorem 2.4.1].

Theorem 3.26. Let {al +ag,...,a5+ a_g} be a set of algebraic integers. Suppose that the
polynomial Hle (X — a; — ;) can be factored as P - P such that Py and P, are monic, non
constant polynomials in Z[X] and their resultant is equal to 1 or —1. Then the (a;)1<i<q

can not come from a curve.

Now, we have enough information to calculate the sum a, + 2 Z?;OI a; using and
Proposition 3.22] in order to apply Corollary [3.10} Therefore, under the conditions of
(13), case (a) of Theorem [3.24] and Theorem 3.26] we can build Table[3]

Furthermore, under the conditions of (13), case (b) of Theorem[3.24] and Theorem|3.26]
we can build Table [4]

In the table provided, we present the signs of the sum a; + 2 Z?:_OI a; for curves with
defect k > 2. These results were obtained through direct computation, without a formal
proof. However, it is worth noting that these signs can be theoretically established
using the same method developed in [11] for curves with defect 2. That method relies
on an explicit form of the coefficients of the L-polynomial, which provides a rigorous
framework for extending these results to higher defect values, should one wish to pursue
a theoretical proof.

4 Construction of non-special divisors of degree g and
g-—1

In this section, we focus on constructing non-special divisors of degrees g and
g — 1in different contexts. We divide the section into three examples to show how the
methods can be applied. The first example looks at Kummer extensions and Hermitian
curves, where we use their specific algebraic properties to build the divisors. The second
example works with an asymptotically good tower, showing how the construction
benefits from the tower’s properties. Finally, the third example deals with a case where
the curve has a large number of points, which makes the construction easier.
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(alglk[nl& ] [alglk[n|& ]| [alg[k[n]&.]
213|3]| 1 | False 2151|825 | True 314| 8 | 23| True
21313 2 | True 214|720 | True 314 8 | 19| True
213|3| 4 | True 2151] 7] 20| True 313 | 8 | 20 | False
213|3)| 6 | False 2 |3]| 8] 25| True 3|14 8 | 20 | False
21314 1 | True 24| 8| 25| True 313 8 | 21| True
213|4)| 2 | False 313]|5 True 314 8 |21 | True
2|13]4| 3 | False 31315 True 313 8 |22] True
213145 | True 31315 True 314 8 | 22| True
213|4| 7 | True 313]5 False 3 13| 8 | 23| True
213|4| 8 | True 313|510 | False 3 13| 8 | 24| True
21314 9 | True 313|511 | False 314 8 | 24| True
213|5| 8 | True 313|512 | False 313 8 | 25| True
214|5| 8 | True 313|6| 4 | False 314 8 | 25| True
213]15]| 9 | True 31316 False 31319 |27 ] True
21415 9 | True 313161| 7 | True 3141 9 |27 | True
213]|5]| 10 | True 31316 True 3 13| 9 | 28 | False
214|5/| 10 | True 313|610 | True 3 14| 9 | 28 | False
213|511 | True 313|611 | True 3131 9 | 29| True
214|5]| 11| True 313|612 | True 314] 9 | 29| True
2|13]5]| 12| True 313|613 | True 313] 9 | 30| True
21415/ 12| True 313|6| 14 | True 314 9 |30 True
213|613 | True 313|615 | True 313110 | 34 | True
214]| 6| 13 | True 313|6| 16 | True 3|14 10| 34 | True
23| 6| 14 | True 313 |7 | 12 | False 313] 10| 35| True
2|1 41]6 | 14| True 313 |7 | 13 | False 31410 | 35| True
213|615 | True 313 |7 | 14 | False 313] 10| 36 | True
2|1 41]6 | 15| True 313 |7 | 15 | False 314110 | 36 | True
23] 6| 16 | True 313|716 | True 33|11 | 42 | True
2|1 41]6 |16 | True 313]7/|17 | True 314 11 | 42 | True
213|719 | True 313|718 | True 315 11 | 42 | True
2141|719 | True 313|719 | True 33| 12| 49 | True
21517119 | True 313]7]1|20| True 314 12 | 49 | True
213|720 | True 313]|8]| 19| True 3|15 12| 49 | True

Table 4: Whether specific function fields admit a non-special divisor of degree g — 1
where g is the genus, k the defect and n the integer defined in Lemma 3.23]
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4.1 Example on Kummer extension and hermitian curves

This subsection presents the work of E. Camps Moreno, H. H. Lopez and G. L.
Matthews in [17] which is based on the Weierstrass semigroup to find the explicit form
of non-special divisors of degree g and g — 1 on Kummer extensions and Hermitian
curves.

For a curve C defined by f(y) = g(x) over a finite field F;, we denote P, a point on
C corresponding to x = a and y = b. If C has a unique point at infinity, we denote it
by Pe.

We say that a divisor A is supported by a point P € C if and only if vp(A) # 0.

Consider m distinct rational points Py, ..., P, on a curve C. The Weierstrass semi-
group associated with the m-tuple of points is defined as the set of all tuples « € N for
which there exists a function f € C(F;) such that the pole divisor of f satisfies

(oo = i a;P;.
-1

We denote this semigroup by

H(Py,...,Pp) = {a € N™: 3f € C(Fy) with (f)e = ZaiPi}.

i=1

An equivalent characterization of « € H(Py,. .., Py,) is that

dim (i OCiP,') =dim (i a;P; — Pj) +1

i=1 i=1
for all j such that 1 < j < m. The complement of H(Ps, ..., P,;) in N™ is called the set
of Weierstrass gaps and denoted by

G(Py,...,Py) :=N"\H(Py,...,Pp).

A key quantity associated with the semigroup H(P) for a single point P € C(F,) is
its multiplicity
y(H(P)) :=min{a : a € H(P) \ {0}}.

To study the structure of H(Py, ..., Pp,), we introduce a partial order on N". For
tuples (ny,...,ny,) and (py, ..., pm), we define

(N1, osnm) 2 (P1s- s Pm) — nm<piforalliyl<i<m
The semigroup for each individual point P; is denoted by T'*(P;) := H(P;). For l > 2,

we extend this to multiple points as

v is minimal in {w € H(P;,,...,P;)) : v; = w;
T*(Py,...,Pn) :={U€Z+l: { (B W) 0 l}}

forsomei,1<i<|
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Given a subset I C {1,..., m} of cardinality [, the natural inclusion i : N/ — N™
maps to coordinates indexed by I. The minimal generating set of H(Py, ..., Py,) is then

T(Py,...,Py) = Lmj U i (TH(Py,. .., Py)).

=1 I={iy,....i1}
i1<---<iy

Finally, the semigroup H(Py, ..., Py,) can be reconstructed entirely from its minimal
generating set I'(Py,...,Py). When1 < m < #F,, we have

H(Pl,...,Pm) = {lub{vl,...,vm} 01,...,0m € F(Pl,...,Pm)} (15)

where the least upper bound is defined as
lub {U(l), .. .,v(t)} = (max {vfl), e, Ul(t)} ,...,max {v,(ll), e Uilt)}) .

Proposition is the most important result of this subsection, as it provides a
fundamental criterion for proving the non-speciality of divisors. This proposition will
be repeatedly used throughout to demonstrate the non-speciality of various constructed
divisors.

Proposition 4.1. Let A = )\, o;P; be an effective divisor of degree g. If y & a for all
y € T(Py,...,Pp), then A is non-special.

Proof. Let A = ¥, a;P; € D(F/F;,) be an effective divisor such that 3", &; = g.
Assume that A is special. This means that dim(A) > deg(A) + 1 — g = 1, which implies
dim(A) > 2. By definition of special divisors, there exists w € H(P;, ..., Py,) satisfying
w<a.

From , the Weierstrass semigroup H(P;, ..., Py,) is generated by the elements of
[(Py,...,Py). Hence, w can be expressed as the least upper bound of some vy, ...,0,, €
[(Py,...,Py). Specifically, there exist vy,...,0,, € T'(Py,..., Py) such that:

01 < lub{vy,...,om} =w < a.

The contrapositive of this reasoning shows that if no such w < « exists in H(Py, . . ., Py,),
then A cannot be special. This completes the proof. O

The following proposition provides the properties of the first example of function
fields, which will serve as the foundation for constructing the desired divisors.

Proposition 4.2. Let F/F,(y) be the Kummer extension defined by

x™ = ﬁ(y - a;)
i=1

and let P; the place associated withy — «;. Then

r*(Pl):N\{mk+j:1<j<m—1—{—J,0<k<r—z—PJ}
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and, for2 <1< r—| L], the semigroupT*(Py,..., P;) is given by
m 1 ri
{(m31 +j,...,msp+j) 1< j< m—1{—J,si > O,Zsi =r—1- {—JJ}
r = m
Proof. See [[7, Theorem 3.2 ] and [10, Theorem 10]. O

The following lemma will ensure that the divisor defined in[4.4 has degree g.
Lemma 4.3. Letr,m € Z* be relatively prime.

1. Let1< j<m—1andsett =r mod m. Then

VUH)J_PJ ={L [+1 ifj=|k] with1<k<t-1,

m
m m |_ - J otherwise.

2. Ift < m, then
tiva C(m-1)(t-1)
£ t| 2 '

Proof. See [17, Lemma 7]. O

Theorem 4.4. Let F/Fy(y) by the Kummer extension defined by

[ J-a
i=1

where a; € Fg and (r,m) =1. For1< j<m-1- L%J define the following values:

. lj=r—|_r—jJ.

m

m

. Sj :lj—lj+1 lf] <m-1- |_7J andsmflfl_%J =lm717|_%] -1 :max{l, L%J}

Then A is an effective non-special divisor of degree g with support contained in the set

{Pob e (b —a) = 0} if and only if

m-1-| 2]
DT
= i=1

In particular, if r < m,

r—

A:Z VT’"JPOI,J..

1
Jj=1
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Proof. The argument combines explicit calculations of deg(A), where Lemma[4.3]is used
to show that deg(A) = g, and properties of the Weierstrass semigroup (via Proposi-
tion , which ensure that A is non-special. For the remainder of the proof, we start
with an effective non-special divisor B of degree g — 1 and demonstrate that its structure
must satisfy the required form. Specifically, we prove that B can be decomposed as
B= Z?Zl jDj (withy =m—1- [%J), where each D is either zero or the sum of distinct
rational places of degree 1, ensuring disjoint supports across j. This will guarantee that
B aligns with the desired construction, even in the case where r < m.

We start by observing that

m-1-| 2] o o I
A= Z jbj = J 2 Pobys
j=1 Jj=1 i=1

where each D is defined as

D - i P, ifs; >0,
7o ifs; =0,

fori<j<m-1- [%J Our goal is to show that A has degree g. Let t = r mod m.
Then

= milj [LJ + i {k_mJ (Lemmal[4.3] part (1))

i=1 m k=1 t

= (m —zl)m {%J + W (Lemmal[4.3] part (2))
(m-1) r

T2 (th H_l)

_(m=-1)(r-1)

=

=9

Next, we prove that A is non-special using Proposition Let v € Ni~1 such that:

Sincev; < m—-1- L%J for all 4, Propositionimplies that v; < w for any w € T*(P;).
Therefore

L{i) (W) L0
for any w € T*(P;).
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Now, consider w € T* (Pij |jelc{L....h - 1}). Ifw, >m- I_%J for some

i, then w & o. Otherwise, assume w = (k,...,k) forsome 1 < k < m—-1- I_%J
Proposition 4.2 shows that #I = I, and the number of entries of v greater than or equal
to k is:
m=1-| 3|
S; = h;—'L
i=k

Thus, for any I of cardinality i, we have 1;(w) £ v. Consequently, w £ o for all
w € I'(supp(A)), which confirms that A is non-special.

Next, lety =m—1- L%J, and consider B, an effective non-special divisor of degree
g, supported on supp((x)). Suppose there exists P such that vp(B) > y + 1. In this case,
1(y + 1) < B, which contradicts the non-special nature of B.

We express B as
Y
B=)jD),
j=1

where each Dj is either zero or the sum of distinct rational places of degree 1, and the
supports satisfy
supp(D;) N supp(Dy) = @, for j # h.

Note that this decomposition ensures that each D; is disjointly supported, maintaining
the structure required for B, thus

#supp(B) < l; — 1 < r =#supp((x))-

For D, we have
deg(Dy) < I, —1=s5s,.
Similarly, for 1 < h < y, it holds that

Y

Y
Zdeg(Dj) < deg(Dy) + Z deg(D}) < I - 1.
j=h j=h+1

Now, define D;l > Dy, such that

y
supp(Dp) € supp((x)o) \ supp| B + Z Dj

j=h+1

and ensure that

4
ZD; = Z#supp(D}) =l -1

4
Jj=h Jj=h

From this construction, it follows that

deg(Dy}) = sh.
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Consequently, we have

Y Y
g=deg(B) < ) j-deg(D})) =) jsj=g.

Jj=1 Jj=1

This equality implies that D; = Dy, for all 1 < h < y, confirming that B has the desired
structure.
Finally, in the case where r < m, Lemma states thats; = 1if j = |_k7’"J, ands; =0
otherwise. Hence, D; = P or 0. m]
r— r— E
Corollary 4.5. On the norm-trace curve given by y4 4 yd R y=x 491 overFy,
any effective non-special divisor of degree g supported by points Py, is of the form

-1

L2
q-1
A= Z iPop, .
i=1,q1i
Proof. Letu = %. Suppose that
-1
{(rqr—RuJ =u-2.

Our goal is to show that LJTmJ cannot be divisible by q. To justify this, observe that

u—Z—#{iE{l,...,u—Z}:qli}:u—z—u—_l

-1
+1= u—(q—l) =¢ 7 '-1.
q
This equality follows from the fact that u = % is a multiple of ¢. The term #{i : q |
it = ”T_l counts the multiples of g in {1, ..., u — 2}. Subtracting this count from u — 2
and adding 1 adjusts the range correctly, leaving “T_l (g — 1), which simplifies to ¢" 1 — 1.
Consequently, the divisor A is given by

qr—l -1

A=, {q{:JP’"

Jj=1

This expression ensures that A is non-special and has degree g. Furthermore, by Theo-
rem[4.4] any other divisor with these characteristics must take this specific form.

Next, we show that [%J is not divisible by g for any 1 < j < ¢"~! — 1. Suppose,

j
q
ju
L]’lJ =k

for some 1 < k < ”T_l — 1. Then, the equality

for contradiction, that

ju=qdk+z=u(g-1)k+k+z
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implies that u | (k + z). However, note that
r—1 _ ug—1
q

Since k+z is strictly less than u, it cannot be a multiple of u, contradicting the assumption

thatu | (k + 2).

Therefore, no such k can exist, and we conclude that l

u—2
k+z<—+9¢q <u.
q

qj,lfl J is not divisible by q for

any j. This completes the proof. ]

The following corollary provides the explicit form of the desired divisors in the case
of the second example of function fields discussed in this subsection.

Corollary 4.6. On the Hermitian curveyd +y—x9+! = 0 over Fg2, any effective non-special
divisor of degree g with support contained in {Pyp, : 1 < i < q} is of the form

gq-1
A= Z iPop, .
i=1

We now construct non-special divisors of degree g— 1 by building on the non-special
divisors of degree g established earlier. Using Lemma 2.3 and Theorem[4.4] we have the
following explicit construction.

Theorem 4.7. Let F/F,(y) by the Kummer extension defined by

= Jw-a
i=1

where a; € Fy and (r,m) = 1. Then

is a non-special divisor of degree g — 1 for allP € {Pyp, : a # 0 orb # bj,} U {Pw}. In
particular there exist non-special divisors of degree g — 1 supported on supp ((x)o) U {Pap}
foranya # 0.

Proof. Note that A + Py, is non-special of degree g by Theorem [4.4/and, by Lemma|2.3]
we have A is non-special too. Given

# (A) [rJ 1<r-1
su =r—|—|-1<r-1,
PP m

we can take P € supp(x) \ supp(A) = @. O

To conclude this section, [[6, Lemma 4.1] explicitly describes the form of the non-
special divisors of degree g and g — 1 for the case of a curve F/F,: defined by

y?* = x% + x. (16)
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Lemma 4.8. Let g be odd, and let F/Fg. be the function field defined by (16). Let P €
{Pab € P(F/Fg) | 2a+1# 0} be a rational place of F. Then, gP is a non-special divisor
of degree g. In particular, gP — P’ is a non-special divisor of degree g — 1 for all rational
places P’ € P(F/F,.) distinct from P.

Proof. The hyperelliptic involution of the curve defined by y7*! = x? + x is given by
@(x,y) = (=x —1,y). Consequently, the fixed points of ¢ are the pairs (a,b) € Fp X F:
such that 2a + 1 = 0. Consider a rational place P € {Pab €P(F/Fg) |2a+1# 0}.

It is known that if P is a rational place of a hyperelliptic function field not fixed
by the hyperelliptic involution, then the Weierstrass semigroup at P satisfies H(P) =
{0,g+ 1,g+2,...}, see [21] Satz 8]. As a result, we have L(gP) = {0}, which implies
that gP is a non-special divisor of degree g.

Moreover, for any rational place P’ € P(F/Fg) \ {P}, the divisor gP — P’ is also
non-special, as established in [l Lemma 3]. O

4.2 Example on an asymptotically good tower

Atower F} C F, C F3 C - -+ of algebraic function fields over a finite field F, is said
to be asymptotically good if

B, (F,/FE
lim B1Um/Fa) o
m—oo g(Fm/Fq)

In this subsection, we focus on constructing non-special divisors of degree g(F,)
using an example of an asymptotically good tower studied in [9] by A. Garcia and H.
Stichtenoth. Since this setting is more complex, we introduce several definitions to
explain the structures and properties clearly. Even though there are many definitions,
they are important to understand the key aspects of function field towers and to prepare
for the results that follow.

We will consider the tower ¥ = (Fy)m>1 of function fields F,, /K where K = Fg
given by

x?
for i=1,...,m—1.

Fo =K(xy,...,x,) with x?H +Xiy) = — =
x; +1

The following proposition outlines key properties of the tower, such as its genus
and ramification structure.

Proposition 4.9. (i) For allm > 2, the extension Fp, [ F,,_1 is Galois of degree q.
(ii) The pole of x; in F; is totally ramified in F,, /T3, i.e.,

(e = g1t

with a place PI™ € Py(F,) of degree one.
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(iii) The genus is

5y < [0 ifm=0mod 2,
giim) = (g2 —1) (g™ V2 —1) ifm=1mod 2.
Proof. For (i) and (ii), see [9] Lemma 3.3]. For (iii), see [9l Remark 3.8]. O

We now define (¢p,)ms1, @ key sequence that connects the degree of divisors with
the structure of the function fields in the tower. It will play an important role in the
final construction.

Definition 4.10. Form > 1, let

qm —qm? ifm = 0mod 2,
Cm =
g™ —q™V2 ifm =1mod 2.

Definition 4.11. For1 < j < m, define

J
mj = 1_[ (xl.q_1 + 1) , and

i=1

L;.m) = {P € P(Fp,) : Pisa zero ofx?_1 + 1 for somei € {1]}}

This lemma describes the principal divisors of (7)1« j<m, Which are fundamental to
understanding the supports and degrees of the divisors we construct.

Lemma 4.12. (i) Let1 < j < m. Then the principal divisor of 7; is given by
() = " = (g™ = g™ ) P,
where C;m) > 0 is a divisor of F,,, with
supp (Cj(.m)) = L;m).

(i) Let1 < j < m—1and0 < e < q— 1. Then the principal divisor of ;x],, in Fp is
given by
e N _pm) _gm _ gmei . gom-i-1) p(m)
(ﬂjxj+1) =D."" - (¢" - q" +eq ) P,

=D,

where Dj(."g) > 0 is a divisor of Fy, with
(m) (m)
L; qupp(Dj’e )

Proof. See [19] Lemma 3.4]. O
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The following definition introduces (A;m)) , a divisor structured using the set

m>1
L™ introduced in Definition These divisors play a direct role in the construction
of non-special divisors in the tower.

Definition 4.13. For1 < j < m, let
(m) _
A= 3P
PeL;.m)
Remark 4.14. From Lemmawe have: 7; € £ ((q’" —gmi) P —A;.m)).
The following results, Proposition and Lemma provide the necessary

properties for the construction. These results establish both the required dimension and
degree.

Proposition 4.15. For1 < j < m, one has
(q q ) 0 j = (ﬂj>s

i.e., the space L((q™ - qm_j)Péom) - A;m)) is one-dimensional.
Proof. See [19, Proposition 3.6]. O

Lemma 4.16 ([19, Lemma 3.7]). Let1 < j < m/2. Then
deg(A](.m)) =¢ -1

Proof. Let Jﬂi(m) = {P € P(F,,) : Pis azero ofxlfl_1 + l}. It follows from [[9, Lemma 3.6]

that, for 1 < i < m/2,

deg| ), P|=(q-1q""

Peﬂsm)

Since

TEINE
=l pe g™

i

we obtain '
j
deg (A;m)) = Z(q ~1)g" ' =¢’ - 1.
i=1
m]

Definition 4.17. We define a divisor A"™ of F,,, as follows. Let A"V = 0 and, form > 2,

% ifm =0 mod 2,
m-l ifm =1mod 2.

A =A™ with = {
2
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The following lemma combines all earlier results to establish the main properties.
Lemma 4.18 ([19, Lemma 3.9]). We have:

L deg(A™) = cpy — g(Fm);

2. dim(c,, PI™ — A(M) = 1;
ie., cmP(Som) — A s non-special of degree g(Fy,).

Proof. For m =1, all assertions are immediate since ¢; = g(F;) =0 and AW = 0. Now,
letm > 2.

« If m = 0 mod 2, we have

m m/2

cm=q" —q and Im = (qm/z—l)z.

Hence
tm = gm = "2~ 1= (A™)

by Lemma On the other hand, using Proposition [4.15] we obtain

LiemP = A™) = L((g" = g"*)PS = AT = (2.

« If m = 1 mod 2, the proof follows from a similar argument.

O

4.3 Example of construction with a sufficiently large number of
points

The results presented in this subsection (by H. Randriam in [20]), while seemingly
technical and detailed, serve as essential tools for our main objective: the construction of
non-special divisors of degree g — 1. The lemmas and definitions presented below create
a step-by-step framework leading to the final construction. Each result is carefully built
upon the previous one, establishing bounds and properties for divisors under various
conditions.

The next lemma provides initial constraints on the size of a set S, given certain
conditions on divisors A and B. These bounds are fundamental for analyzing ordinarity
and exceptionality in later results.

Lemma 4.19. Let C be a curve of genus g defined over Fy, and S c C(F).
1. Let A be an F4-rational divisor on C such that
i(A) = dim(A) — (deg(A) +1—-g) > 1.
Suppose that for allP € S we have dim(A + P) > dim(A). Then
#S < g — dim(A). (17)
(If deg(A) = —1, then, we also have #S < 1.)
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2. Let B aF4-rational divisor on C such that dim(B) > 1. Suppose that for allP € S
we have dim(B — P) > dim(B) — 1. Then

#S < deg(B) + 1 — dim(B). (18)
(If deg(B) = 2g — 1, we also have #S < 1.)
Proof. See [20, Lemma 1]. O

The main result of this section is based on the following Lemma which extends the
results of Lemma [4.19]to more complex cases, such as when multiple points are added
or removed from a divisor.

For all ¢ > 1 and all integer n > 2, define

n-2  n-k _ n—-k-1 _
Gym =Y (""" - 1)(q )

("= -1

_ (g=Dn _
1 1 7 1

P11 (@D -
Lemma 4.20. Let C be a curve of genus g defined over Fy and S ¢ C(FF,).

1. Let A be an Fy-rational divisor on C such that deg(A) > -2 and
i(A) = dim(A) — (deg(A) +1—g) > 2.
Suppose that for allP € S we have dim(A + 2P) > dim(A). Then
#S < 39+ 3 + deg(A) — 3dim(A) (19)

and

i(A)-2 _ 4

#S<(1+q

-1
m) (6g -6-—2 deg(A) - 2Gq(l(A)) . #C(Fq)) . (20)

More generally, for all integers w such that 2 < w < i(4),

qw—2_1 -1
#S < (i(A) —w) + (1 + —)
g -1

(69 — 6 — 2deg(A) — 4(i(A) — w) — 2G4(w) - #C(Fy)) . (21)

2. Let B an Fy-rational divisor on C such as deg(B) < 2g and dim(B) > 2. Suppose
that for all P € S we have dim(B — 2P) > dim(B) — 2. Then

#S < 2deg(B) + 29 + 4 — 3dim(B) (22)

dim(B)-2 _

-1
#S < (1 + 4 ) (2deg(B) + 29 — 2 — 2G4(dim(B)) - #C(Fy)) . (23)

qdim(B) -1
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More generally, for all integers w such that 2 < w < dim(B),

W—2_1 -1
#S<(I(B)—w)+(1+q—)
qv -1

(2deg(B) + 2g — 2 — 4(dim(B) — w) — 2G4(w) - #C(F)) . (24)

Proof. See [20, Lemma 2]. O

To simplify the application of these results, we define, over Z, the functions f; ¢ and

fo.c, which summarize the bounds established in Lemmas and

1 ifa=-1,
ficla) =49 ifo<a<g-2, and
0 otherwise.

g ifa=g-2,

. qv -1 -1
min (g—l—a—w)+(1+w—_1)
2<w<g-1-a q

fac(a) =
(2g—-2+2a+4w - 2Gq(w)#C(Fq))J if —2<a<g-3,

0 otherwise.

Definition 4.21. Let C be a curve of genus g > 1 defined over F,. A divisor D on C is
called ordinary if
dim(D) = max(0,deg(D) + 1 — g).

Otherwise, D is called exceptional.

Lemma provides an upper bound on the size of S, ensuring that this set is
sufficiently small to satisfy the conditions required in Proposition This connection
is crucial for constructing divisors incrementally while maintaining their ordinarity.

Lemma 4.22. Let A be a divisor on C, S C C(F,) a set of rational points and s € {1, 2}.
Assume that A is ordinary, and A + sP is exceptional for all P € S. Then

#S < fyc(deg(A)). (25)
Proof. Let a = deg(A). We analyze the cases based on the value of s.
(i) Cases =1:

(a) Ifa< —2ora > 2g — 2, then A + P is ordinary. This implies that S is empty,
and we have fic(a) = 0.

(b) If g— 1 < a < 2g — 3, the ordinarity of A means dim(A) =a+1-g. By
Riemann-Roch, A + P remains ordinary, leading to the same conclusion as
the previous case.
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(c) If -1 < a < g — 2, the ordinarity of A implies dim(A) = 0. For A + P to be
exceptional, dim(A + P) > 1 must hold. This is addressed using Lemma [4.19}
1.

(ii) Cases =2:

(@) Ifa < =3 ora > 2g — 1, then A + 2P is ordinary, implying that S is empty.

(b) If g— 1 < a < 2g — 2, the ordinarity of A ensures dim(A) = a + 1 — g. Using
Riemann-Roch, A + 2P is also ordinary, leading to the same conclusion as
above.

(c) If a = g — 2, the ordinarity of A implies dim(A) = 0. For A + 2P to be
exceptional, dim(A + 2P) > 1 must hold. By Lemma 1, we conclude
that #5 < g = fo.c(a).

(d) If =2 < a < g — 3, the ordinarity of A gives dim(A) = 0, while the ex-
ceptionality of A + 2P requires dim(A + 2P) > 1. This is addressed using

Lemma 1.
O
Proposition 4.23. LetC be a curve of genus g defined over Fy, v > 1 aninteger, sy, ..., s, €

{1,2}, Fy-rational divisors T, ..., T, on C, and d € Z an integer. The degree of T; is denoted
t; = deg(T;). Let Dy be an Fy-rational divisor on C of degree deg(Dy) = dy < d, such that
;Do — T; is ordinary. Finally, let S C C(F,) be a set of points satisfying

S > maxd; fic (sid' —17). (26)

do<d’'<

Then, there exists an Fq-rational divisor D on C of degree deg(D) = d, such that s;D - T;
is ordinary. Furthermore, D can be chosen such that D — Dy is effective and supported by
pointsinS. .

Proof. We construct D incrementally. Let d’ satisfy dy < d’ < d. Suppose a divisor D’
of degree d’ has already been constructed such that s;D’ — T; is ordinary and D’ — Dy is
effective and supported in S.

By applying Lemma [4.22| with s = s; and A = 5;D" — T;, we know that there are at
most f;, c(sid” —t;) points P € S such that s;(D" + P) — T; becomes exceptional.

Using inequality (26), which ensures that #S is sufficiently large, we can always
find a point P € S where s;(D’ + P) — T; remains ordinary. This guarantees that adding
P to D’ preserves the ordinarity condition for s;D’ — T;. Furthermore, by construction,
(D’ + P) — Dy remains effective and supported entirely within S.

Finally, by repeating this process for each d’ < d, we can incrementally construct D
of degree d with the desired properties. The result follows by induction on d’. m]

Lemma 4.24. With the previous notations, f;c(a) is an increasing function when a <
g —1—s, their maximum value onZ is f;c(g — 1 — s) = s%g.
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Proof. See [20, Lemma 8]. O

Using the refined bounds from Lemmal4.24} Proposition establishes the existence
of divisors of any degree d with specific ordinarity properties, assuming the curve has a
sufficiently large number of points.

Proposition 4.25. Let C be a curve of genus g defined over Fy,r > 1 an integer, sy, ..., s, €
{1,2}, By-rational divisors Ty, . .., T, on C. Assume that

,
#C(Fg) > D" (s1)".
i=1
Then, for all integer d, there exists an Fq-rational divisor D on C of degree deg(D) = d and
supported in C(Fy), such that s;D — T; is ordinary.
Proof. We apply Proposition[¢.23|with S = C(F,), and Lemma [4.24] o

Corollary represents the main result of this subsection.

Corollary 4.26. Let C be a curve of genus g defined over Fy, Q and G two Fy-rational
divisors. We denote by k = deg(Q) and n = deg(G) their degrees. Assume that

#C(Fy) > 5¢ and nx>2k+g-1.

Then, there exists an Fy-rational divisor D on C supported in C(Fq), such that D — Q is
non-special of degree g — 1 and dim(2D — G) = 0.
In particular, ifn = 2k + g — 1, then D — Q and 2D — G are non-special of degree g — 1.

Proof. We apply Proposition withr =2,5y =1, Ty =Q,s, =2, T, =G and
d=k+g-1 m]

Remark 4.27. Notice that the divisor D in the previous corollary can be built as seen in
the proof of Proposition Below is the summary of the steps with the conditions of

Corollary
1. Let Q and G be two Fy-rational divisors with deg(Q) = k and deg(G) =2k +g—1.

2. Let Dy be a divisor such that deg(Dy) =dy < k+g— 1 and Dy — Q, 2Dy — G are
ordinary.

3. Build a divisor D’ of degree d’, dy < d’ < k + g — 1 such that D’ — Q, 2D’ — G are
ordinary and D’ — Dy effective.

4. We can find P € C(F,) such that D’ + P — Q, 2(D’ + P) — G are ordinary.

5. We reapply step 4 until we obtain the desired divisor D with the desired degree
k+g-1
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